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Density functional theoryDFT) is one of the most widely used methods &y initio calculations

of the structure of atoms, molecules, crystals, surfaces, and their interactions. Unfortunately, the
customary introduction to DFT is often considered too lengthy to be included in various curricula.
An alternative introduction to DFT is presented here, drawing on ideas which are well-known from
thermodynamics, especially the idea of switching between different independent variables. The
central theme of DFT, i.e., the notion that it is possible and beneficial to replace the dependence on
the external potential(r) by a dependence on the density distributiofr), is presented as a
straightforward generalization of the familiar Legendre transform from the chemical poterital

the number of particledl. This approach is used here to introduce the Hohenberg—Kohn energy
functional and to obtain the corresponding theorems, using classical nonuniform fluids as simple
examples. The energy functional for electronic systems is considered next, and the Kohn—Sham
equations are derived. The exchange-correlation part of this functional is discussed, including both
the local density approximation to it, and its formally exact expression in terms of the
exchange-correlation hole. A very brief survey of various applications and extensions is included.
© 2000 American Association of Physics Teachers.

[. INTRODUCTION The discussion is sufficiently detailed to provide a useful
overview for the beginning practitioner, and the relatively

The predominant theoretical picture of solid-state and/onovel point of view may also prove illuminating for those
molecular systems involves the inhomogeneous electron gasxperienced researchers who are not familiar with it. We
a set of interacting point electrons moving quantum-hope that the availability of such an introduction will encour-
mechanically in the potential field of a set of atomic nuclei,age teachers to include a 1- or 2-h class on DFT in courses
which are considered to be stafithe Born—Oppenheimer on quantum mechanics, atomic and molecular physics, con-
approximation. Solution of such models generally requires densed matter physics, and materials science.
the use of approximation schemes, of which the most The general theoretical framework of DFT, involving the
basic—the independent electron approximation, the Hartreelohenberg—Kohn free energy.«[n(r)], is presented in
theory, and Hartree—Fock theory—are routinely taught taSec. II, which for simplicity focuses on classical systems.
undergraduates in physics and chemistry courses. HoweveThe generalization to the quantum-mechanical electron gas is
there is another approach—density functional theorygiven in Sec. lll, together with the discussion of the Kohn—
(DFT)—which over the last 30 years or so has become inSham equations and of the local density approximation,
creasingly the method of choice for the solution of such
problems(see Fig. 1 This method has the double advantage
of being able to treat many problems to a sufficiently high
accuracy, as well as being computationally sim{denpler
than even the Hartree schemBespite these advantages, it
is absent from most undergraduate and many graduate cur-
ricula with which we are familiar.

We believe that this omission stems in part from the ten-
dency of the existing books and review papers on DFT, e.g.,
Refs. 1-3, to follow the historical path of development of the
theory. Although appropriate for a thorough treatment, this
approach unnecessarily prolongs the introduction and
grapples with problems which are not directly relevant to the
practitioner. It is our purpose here to give a brief and self-
contaln(_ad mtroduct!on to density funct|0'nal theqry, assuming ‘01970 975 1980 1955 1990 1995
only a first course in quantum mechanics and in thermosta- year
tistics. We break with the traditional approach by relying on o _ _ _
the analogy with thermodynamiéan hi formulation, the 1., 0 a2 eresshe e DT e ruere oo
use of the density distribution as a free variable anse; n ity,” “functional,” and “theory.” Thisyis compa?ed here wigr\mNa similar
natural manner, as do more adva_mced concepts which al€arch for keywords “Hartree” and “Fock,” which parallels the overall
central to recent developments in the thedrg,g., the  growth of theinspec databasefor any given year, approximately 0.3% of
exchange-correlation hole and generalized compressibilitieshe records have the Hartree—Fock keywdrds
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which is the simplest practical approximation for the - - (a) e ©)
exchange-correlation energy. Various issues relating to the -
accuracy of this approach are discussed in Sec. 1V, followed R o

by a summary in Sec. V. —_—

IIl. GENERAL THEORY

In this section, a unified treatment of thermodynamics and
density functional theory is presented. For simplicity, the

gasg. of xlaésl‘l.callrgfaaCtlnhg SIyStQmIOEI;'E_?ItI’]]t p.amCleS will I.Fig. 2. (a) The Legendre transform which givéqN) corresponds to de-
e discussed first. Although classica as Its own app I'scribing the curveé)(u) by the properties of its tangents: minus their slopes

cations, e.g., liquid$,the reader is advised to keep in mind N=—(dQ/au) and their intercepts with the energy axis=Q + uN. The
electronic systems, which will be the subject of the nextfact that the derivativa F/AN is equal toy follows from asking the ques-
section. Thus, Eqg1) through(8), to be derived here using tion: if two neighboring lines intercept the energy axis at a distahEe
classical notation, are equally applicable to quantum-irom each other, and have slopes which differAy, how far from the axis
mechanical systems, where Hilbert space with its pOSitiOH"i” they cross each other®) The Legendre transform back froR(N) to

and momentum operators replaces the classical phase Spéyé‘) has a similar interpretation. The minimization suggested in (Eyg.
and its scalar coordinates corresponds to studying a family of lines with a fixed slgpewhich pass

through points(N,F) on the free-energy curve. Their intercep(®,=F
—uN, have a minimum(marked by an asterigkfor that line which is

A. Thermodynamics: A reminder tangent to the curve.

We begin by rederiving the equations of thermodynamics
from statistical mechanicsConsider a classical system df . ) o
interacting particles in a container of volurile The many-  the relationshifN=N(u,V,T)=—(d€2/du). The derivative

body Hamiltonian is of F with respect to the “new” free variablBl is equal to the
“old” free variable u. The derivatives with respect to the
Hws=T+U, (1) other variables are unchangéout are taken at constaht

where 7=3M p%2m is the kinetic energy, andy/ rather than at constapt). We thus writedF=4x dN—SdT

=3i.;u(|ri—r;]) is the interaction energy, assuming a —PdVv. ) ) L

simple pair potentiali(r). Here,r; andp; are the positions _ FOF the purpose of comparison with DFT, it is useful to
and momenta of the particles, respectively, ands their make a variation on the inverse Legendre transform _Whlch
mass. We consider the grand-canonical ensemble, where tf&Pressest) in terms of F, and to define the following
system is in contact with a heat reservoir of temperafure _d'and potential function,” which depends explicitly on
and a particle reservoir with chemical potengiallt is well- ~ °0th « andN:

known from statistical physics that the grand potential,  Q  (N,T,V)=F(N,T,V)—uN. (4)

which is the free energy in this case, is given by This function gives the original grand potential of E®)

Q(p,T,V)=—TlogE, (20 whenminimizedwith respect toN, i.e., when the derivative
where= is the grand partition function (dF/IN) — vanishes,_ which is eql_JivaIen_t to the condition
. N=N(u,T,V) conventionally used in the inverse Legendre
— 1 Hyg—uM transform. For other values ™, the functionQ ,(N,T,V)
E(p,T V)= —Trexg - ———— : « " . By .
o M! T describes a “cost” in free energy of having a configuration
o with the “wrong” number of electrons. For a geometric in-
the temperature is in energy unii®.,kg=1), and the clas-  terpretation of Legendre transforms, including the minimiza-
sical trace, Tr, represents théviedimensional phase-space tion procedure of Eq(4), see Fig. 2.

integral(the division byM! compensates for double counting
of many-body states of indistinguishable parti¢les :

It follows directly from these definitions that the expecta- S].elgfenntqmlform systems and the HohenbergKohn
tion value of the number of particles in the system is given
by a derivative of the grand potentialN=(M) The discussion above can be generalized in a quite
=—(0Q/on). The convexity of the thermodynamic straightforward manner to the treatment of particles in an
potentiaf implies thatN is a monotonically increasing func- external potentiav(r). The many-body Hamiltonian is now
tion of u. Other partial derivatives of) give the values of _
additional physical quantities, such as the entrofy, Hyg=T+V+U, ®)
=—(0Q/4T) and the pressure= — (9Q/3V). This may be where the potential energy)=3M ,v(r;), has been added.
summarized by writinglQ=—-Ndu—SdT-P dV. The grand potential and the partition function are defined as

A basic lesson of thermodynamics is that in different con-before, Eqs(2) and(3), but they now depend on the poten-
texts it is advantageous to use different ensembles. For efial functionv(r) rather than on the scalar volurive In this
ample, in studying systems where the number of particlesense)=Q(u,T,[v(r)]) is now a functiondf of v(r) as
rather than the chemical potential is fixed, it is preferable tayell as a function ofu and T—the square brackets denote
use the Helmholtz free enerdywhich is obtained from the functional variablegit is also implicitly a functional of the
grand potential() by a Legendre transformE(N,T,V)  pair potentialu(r)]. As is well-known, the potential(r) is
=Q(u(N), T,V)+ u(N)N. Here, u(N) is no longer an in- an energy which is measured from an arbitrary origin, i.e.,
dependent variable, but a functiondfobtained by inverting  shifting the potential by a constant does not affect the phys-

, )
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ics of the system. It is convenient here to set this origin at the=(dr/x3)exp(—v(r)/T), where volume is normalized by
chemical potential, i.e., to take=0. Equivalently, one may the “thermal wavelength”"\;=\%%/mT. One finds from
define the new functional variable agr) — x, as() depfnds Eq.(2) thatQy=—TZ;. In this case the density distribution
only on this difference, and not onand w separately: is easily found directly: n(r)=a80/ov(r)=r;°

The fun'ctlonal derlyatlvg oQ vynh respect t.o the new x exp(—v(r)/T), but for pedagogical purposes we proceed
variable gives thelensity dIStI’IbUtIOI’MDf the particlesn(r) to evaluate the Legendre transforms explicitly.
=(p(r))=0Q/év(r), wherep(r)=X;Z,5(r —r;) is the un- Inverting the ideal gas[v] relationship just derived gives
averaged density. Using(unctiona) Legendre transform as v(r)=—Tlog(M3), and proceeding with the functional Leg-
above, we can define a new free energy which depends %hdre transform of Eq6) gives

n(r) rather than orv(r), and is called the Hohenberg—Kohn

free energy Frdn(r)]= [ denofan.m, ©
FHK[”(UFQ[V(U]—f drn(r)v(r), ®  where
where the explicit temperature variable has been omitted, f(n,T)=T(log(n\})—1), (10

andv(r) on the right-hand side is chosen to correspond Qg the free energy per particle. The latter is equal to the
the givenn(r) (that such a choice is possible follows from yaimnoltz free energy per particle(N,T,V)/N, evaluated
the “generalized convexity” of the free enefy¥f). The par- 5" 4 Lniform ideal gas witm= NV '

tial and functional derivatives df [ n(r)] are given by the The DFT free-energy functional, EG7), for an ideal gas
usual rules for Legendre transformsdFyc=—SdT g

—[drv(r)én(r).

The direct generalization of the free-energy function of -

Eq. (4) is the f?ee-energy functional ¥ hn()] f dr n(r)f(n(r),T)+f dr n(ryv(r). Ay
Minimizing this energy functional with respect tr) gives
Qv[n(r)]EFHK[n(r)]Jrf drn(rjv(r), (M) v=—a(fn)/an=—Tlog(M\3), which is equivalent ton

« exp(—V/T), as discussed above.

The density distribution of the atmosphere in the gravita-
tional field of the Earth may now be determined. The exter-
nal potential, measured from the chemical potential; (i)

6F hk =mgh— u, whereh is the height andj=10m/¢ is the ac-
on(r) —v(r) (8 celeration due to Earth’s gravitational fields we takeh
) ) ) ) ) ] =0 at Earth’s surface, we have subtractedxplicitly here.
is obtained. Fon(r) andv(r) obeying this physical relation, - gypstituting this in the expression for the density, we find
the free-energy functional is equal to the grand potential bypat the density decreases exponentially with heiglt)
inspection. The existence of a functional mfr) with this exp(—hil), with a length scalé=T/mg. Takingm as the
property is one of the basic tenets of DFT, and is (ec- mass of a nitrogen moleculg=5x 10~2%kg, and the tem-

ond Hohenberg—Kohn theoref. perature as T=4x10 ?*Joules (=17°C), gives |=8

Note that below we will use Eq8), which also follows . .
directly from the properties of Legendre transforms. Discus-" 10°m or 8 kilometers, less than the height of the Everest

sion of the Hohenberg—Kohn theorem, Ed), is neverthe- (in practice, the atmosphere is not in equilibriufiy: const,
less important even in a Legendre-transform-based introdu@nd  this description becomes increasingly inaccurate at
tion to DFT, because the free-energy-minimizationhigher altitudes

procedure embodied in it is central both to forming a physi-
cal intuitive picture of DFT, and to devising efficient numeri-

with v(r) andn(r) treated as independent functional vari-
ables. If this free-energy functional is minimized with re-
spect ton(r) at constant/(r) (and givenT, etc), the relation

cal schemes for solving the DFT equations in practice. 2. Water
Finding the density distribution of water requires a differ-
C. Examples ent analysis, because the ideal gas is a good description of

real fluids only for low densities such as those found in the
atmosphere. At higher densities, the interactias), must
be taken into account. An exact, explicit evaluation of the
partition function and its derivatives is no longer possible,
and we are compelled to use models and approximations.
1. Air The inhomogeneity of the distribution will be given an ap-

First we consider air, using the approximate model of arf/oXimate treatment here, by assuming that the Hohenberg—
ideal gas. For such a gas the particles do not intetgc, ohn energy may still be expresseq as in B, In terms of

' i . . ' the Helmholtz free-energy per particle for a uniform system.

=0, gnd Fhe partition function can be evaluated directly. Theris is a “local density approximation,” a concept which is
Hamiltonian, Eq.(5), reduces toHyg=7+V. The grand i, common use in DFT. For simplicity, we will use the van
partition function,= of Eq. (3), may be expressed &  der Waals model fof (n,T). In this modef® both attractive
=Sh_oEY/M!=exp(Ey), in terms of the partition sum for and repulsive interactions of real atoms and molecitigs-
a single particle, E,=(27%) 3/ dr dpexp(—(p?2m cally included inu(r) for large and smalt, respectively are
+v)/T). The momentum integral is trivial, givingg; taken into account. Correspondingly, two simple modifica-

We next apply the expressions above to t@@mplistic)
physics problems: finding the density distribution of air and
of water in the ecosphere.
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tions in the ideal-gas expressions foiEq. (10), are made: Obviously, water and air coexist on the surface of Earth,
first, a “higher order inn” attractive term is added, and and taking this into account would modify the results of our
second, an “excluded volume®b, representing the “hard examples(most importantly, the atmosphere begins only at
core” of real particles, is subtracted from the volume persea level. Such situations can be addressed by generalizing
particlen™?! in the thermal term. The Helmholtz free-energy the free-energy densityyf, allowing it to depend on both

per particle in the uniform fluid is thus taken to be densitiesn, . aNd ny;,. With a sufficiently accurate param-
4 etrization off, a good description of many nonuniform ther-
f(n)=T(3log(\1) —log(n~"—b)—1)—an, (12 modynamic systems can thus be obtained. However, for such

a local description to hold, the spatial variationsnifr) [or
equivalently, inv(r)] must be very slow on the scale of the
aF) o of T range of the potentiali(r). In contrast, one may be inter-
T
N

which replaces Eq.10). Correspondingly, the pressure is

oV n I nl-p —an?, 13 ested in studying how the density distributiofr) near a
liquid—vapor interface changes gradually, on a scale of ang-
which is a more familiar expression. stroms, from that of the liquid to that of the gas. Such prob-
The free-energy functional to be minimized with respectlems are typical applications of the DFT of classical systems,

to n(r) is again that of Eq(11), but the extremum condition, and must employ nonlocal model functionals. .
A discussion of such nonlocal classical functionals is be-

b )\$ yond the scope of the present paper, but we would like nev-

nfl_b+|09n71_b +2an, (14)  ertheless to mention the following two point&) As op-
posed to gases, classical liquids and solids are characterized

may now have several solutions, and the valueafhich by strong and complicated correlations between particles,
gives the lowest free energy must be selected. In the preseaven when the interaction potentialr) is simple. This
model, for temperatures which are not too high and for anakes the task of finding gooBk[n] functionals non-
limited range of values of, there are two competing local trivial. (b) The general framework of DFT can nevertheless
minima, corresponding to the liquid and the gas phases of thgive accurate descriptions of real systems, provided that one
fluid.*® uses good “anchoring points.” For example, the hard-sphere

We now return to water, representing a typical location onliquid has been studied extensively numerically, and accurate
Earth as a unit of areéone square metgrcovered by 18  information for it is available. A good description of the
moles of watefone mole=6x 10?3 molecule$. We use the liquid—solid transition in several more general systems may
same potentiat =mgh— « and the same values dfandg e found by perturbing in the difference between the actual
as above. The mass of a water molecule ns=18 U(r) and that of the hard sphere system(r), e.g., by
x10 3kg/mole, and we choose the values ai  tBKINGFu[n]=Fpst [ dr(u—upgd(6Fk/su(r)), where in
~0.48 Paxm®/molé® andb=16x 105 m3mole to give the the last term, the functional derivative is equal&Q/su(r)
boiling point of water as 100 degrees Celsius at a pressure #fhich is the pair correlation function. With this as back-
one atmosphere-10° Pa, and the particle density of the lig- ground, we now proceed to treat electronic systems in the
uid water at that point as=56 mole/ni, corresponding to a next section.
mass density of fkg/m?. Finding the density distribution,
n(h), requires the inversion of E414) which is not readily lll. APPLICATION TO ELECTRONS

available analytically; therefore, we have performed this ex- The electron is much lighter than an atom or molecule,
ercise numerically. The chemical potentjalplays the role  and thus has a relatively large thermal wavelength, a.g.,

_a(nf)

o T

V:

of a Lagrange multiplier, imposing the constrajndr n(r)  —3/,/mT=17 A at room temperature, more than an order of
=N, and finding it requires a few trials or iteratiossing  magnitude larger than the typical interelectron distance. Its
the Newton—Raphson algorithm treatment must be quantum mechanical, with the Hamil-

The resulting value of. is —2.5385< 10° J/mole—several tonian of Eq.(5) replaced by the corresponding operator,
significant digits must be kept becauséor v—pu) variesby [ _— %1+ (. The statistical-mechanics derivation above
only 180 J/mole for each kilometer of altitude. The densityjs affected by this, e.g., the tra¢er) in the definition of the
distribution n(r) contains both liquid and gaseous regions.partition function, Eq.(3), is taken over the Hilbert space
The liquid region or “ocean” occupies the lower altitudes, yather than over the classical phase space. However, the ther-
and a gaseous region occupies higher altitudes. In the lowghodynamic considerations and Legendre transforms, includ-
region, the fluid is more or less Incompl’eSSIble, with the|ng Eqs(G), (7)' and (8) for nonuniform SystemS, are un-
density ath=0 higher by only a couple of percent than that changed.
at “sea level,”h=1750 m. Above this point, one finds water ~ As electrons are fermions, they form a degenerate gas at
vapor with a density of=4 mole/n?, corresponding to a the prevailing high densities, and their energy in the cases of
pressure of 1DPa or one-tenth of an atmosphéreal water  interest here does not deviate considerably from its ground-
deviates significantly from our van der Waals model—astate value. Indeed, electronic DFT was developed in Refs.
more accurate description of(n) would give ~2.5 13 and 17 as a ground-state theory. Correspondingly, we yviII
X 10° Pa. At this low density, the equation of state of the from here on take the zero temperature limit,
water vapor does not differ significantly from that of an ideal T—0, in all our equations and expressiafes. Ref. 18. In
gas, and indeed one finds an exponential decay with furthdhis limit, the partition function is dominated by a single
increase in altitude, as discussed above for(thie length quantum-mechanical state with an integer number of elec-
scale in this case is=14 km, as the water molecules are trons,M =N, and the grand potential is equal to the ground-
lighter). state energyusing ouru=0 convention. The Hohenberg—
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Kohn free-energyF«[n], is then, by Eq(6), equal to the tial rate of change of the density. The approximate treatment
total energy minus the potential energy, i.e., to the internaPf the interactions, which ignores exchange and correlation
energy. effects, is the leading order of a high-density expansion, in
For noninteracting quantum-mechanical particlegr)  PoOwers ofr s/ag wherer ;= (3/47n) ~*is the Wigner—Seitz
=0, the internal energy is just the kinetic energy, for whichradius, anda,=#*/me&?=0.53A is the Bohr radius. The
we introduce the notatiof ,[n]=Fu[n]|y=0. Whereas Thomas—Fer_ml model |_ndeed has a_pp_llcatlons for very dense
in the classical case, the noninteracting or ideal-gas systefjatter, and is useful in the description of certain stérs.
had simple local expressions for the energy functionals, herg/nfortunately, the resuits for more down-to-earth systems
the relationships between the energy, the density distributiorf® rather poor. For example, it is known that in the
and the confinement potential are nontrivial and nonlocal. | "omas—Fermi model no molecules can form—the dissoci-
Practical implementations of DFT require an explicit con-2atéd atoms always have a lower enefdy.
struction of the Hohenberg—Kohn free-energy functional, The Thomas—Fermi method was extended over the years
Fo[n]. Itis customary to writd [ n] for interacting elec- 1N two main directions. At first, approximate expressions for
trons as a sum of the noninteracting kinetic enefgy;n], the exchange-correlation energy were included, but this did

and two interaction terms—the electrostatic energy and th8°t 1€ad to S|gn|f|cagt u_np;joverlnenths in the rlesults. S]‘:‘Ch 'T'
exchange-correlation enefy provements were obtained only when an element of nonlo-

cality was taken into account in the noninteracting kinetic
Fuk[N(N]=Fa[n(r)]+Eedn(r)]+E,In(r)], (15  energy termfF,[n]. This was achieved by including gradi-

. 2 - .
where the last terE,[n], is defined as the remainder and €Nt terms(e.g., terms proportional tVn|* in the integrand
thus contains everything that is not included in the first two2f Ed- (17), with n-dependent prefactdrsand led in particu-
terms. Each of the three terms on the right-hand side is illﬁr to the possibility of modeling chemical bonds. However,

principle a functional of the independent variablg). Only the description of electronic structure by the Thomas—Fermi

the second term—the electrostatic energy—is easily exModel and its extensions remains qualitative to date.

pressed explicitly
e  drdr’ _
Edn(r)]= ?f mn(r)n(r’). (16 B. The Kohn—Sham equations

The first and last terms are much more complicated: knowl- In 1965, Kohn and Shath made a major step towards
edge of the former implies a full understanding of theduantitative modeling of electronic structure, by introducing
guantum-mechanical noninteracting problem:; the latter conan orbital method by whick [ n] can be evaluated exactly.
tains all of the many-body physics, and is in principle evenln other words, in order to evaluate the kinetic energyNof
more complex. noninteracting particles given only their density distribution

In the following, we briefly introduce two alternative n(r), they simply found the corresponding potential, called
methods for confronting this situatiorii) construction of vx(r), and used the Schidinger equation,

explicit approximate expressions for bdil[ n] andE,J n], 52
and (ii) the orbital method developed by Kohn and Sham, _ T y2y () — ) 18
which uses the noninteracting Sctiger equation to evalu- 2m Verl(1) | 4i(1) = €r(r), (18

ateF,[n], with only the smaller termk,n], replaced by

_sN 2
explicit approximations to the desired complicated func-SUch than(r)=Z={_,|¢;(r)|*. The stateg); here are ordered

tional. so that the energieg are nondecreasing, and the spin index
is included ini. If ey is degenerate witky ., (and also at
A. Explicit functionals finite temperaturés), fractional occupationd; are to be

N £ 2 . . .

One of the simplest models of the electronic structure Oysed,n(r)—zizlfl|¢,(r)| , but if .onlly spin degeneracy IS

atoms was developed by ThorAdsnd Fernfi in the late involved, the result for the density is not affected. The ki-
1920's. For the noninteracting part of the calculation, theynetic energy is then given b¥[n(r)]=S{ (y;lti] ys)

used a local density approximation =3N  e—fdrn(r)ve(r), wheret; is the kinetic energy
o operator for thdth electron {=3;t;).
Fni[n(r)]ch n>=(r)dr, 7 In practice, it is the external potential of a given system

) 223 ) ) ) . which is known, not the density distribution or the effective
with C=3/10(37°)“*=2.87 in atomic units; her&cn>*(r)  potential. One may find the effective potential by taking a
is the kinetic energy density of aniform electron gas of functional derivative of the three-term expression for

densityn(r). They also approximated the Coulomb interac-F , [n], Eq.(15), and rearranging the terms
tion energy of the electrons by the electrostatic term only,

which corresponds in the present language to takggn] Ver(1) = V() —e@(r) +vy(r), (19

=0. Using these simplifications and the spherical symmetry, . ore we have used E), SF[n]/sn=—v, for both the
of an atom, analytical progress could be made. : i ’

Both approximations made in the Thomas—Fermi mode nteracting and the noninteracting system. The electrostatic
. I otential is here

are expected to be accurate at very high densities. The ap-

proximation made for the noninteracting part is accurate ,n(r’)

when the density of electrons changes slowly in space rela- ¢(r)= —ef dr = (20

tive to the Fermi wavelength, or equivalently, if the density

is sufficiently high than(r)®is (much larger than the spa- and the exchange-correlation potential is defined as
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(21) o

= €
VXC(r) 5n(r) 8 .*‘\.‘ tot N
Given a practical approximation foE,J{n], one obtains 01
Vy(r), and can thus find¢(r) from n(r) for a givenv(r). _0.2}
The set of equations described above is called the Kohn— ch
Sham equations of DFT, and must be solved self- _0.3}

consistently:v(r) determines(r) in Eq. (18), and is de-
termined by it in Eq.(19). They provide a mechanism for
minimizing the functionaE,[n] (or Q,[n]) of Eq. (7), de- s
spite the fact that~,[n] is known only implicitly. This _ . _
method assumes that the external potentfa) and the total 19 3- The exchange-correlation energy per electeqin) (in Hartrees of
. . a uniform electron gas, as a function of the density, parametrized by the

number of_electr_onBI are given, and does not use the Che_ml'Wigner—Seitz radiusin Bohr radi), according to the interpolation formula
cal potentialu [if a nonzero value ofu were restored, it  of Ref. 31. The dashed line is the corresponding total energy per electron,
would simply shift both sides of Eq19) by a constant, and i.e., includes the kinetic energy. The Monte Carlo data, if plotted, would be
thus drop out of consideratid)nTogether with any explicit indistinguishable on the scale used here from the curves shown. For refer-
approximation for the exchange-correlation tefsee be- enceitwe 6:_'50 show thte_tOtté' e“fhrgy Pfilf E'ec(ﬂmvt\/?d "ne-afcor(i;%;ofor

. . . - . an alternative parametrization, e well-known igner interpo -
low), it provides an efficient scheme for findimgr) and the % **2 750> P 9 P
ground-state enerd¥for a system oN interacting particles.
Note that for the interacting system, only the energy and its
derivativegincludingn(r) ] are accessible—the complicated
many-body wave functions do not take part in this scheme. _d(nex(n))

Historically, additional propertié$ of the Kohn—Sham Vel 1) =4,

noninteracting system, e.g., the band structure for crystals, ] . . .
have also provided surprisingly accurate predictions whett© the electrostatic potential at the appropriate step in the
compared with experiments. In fact, the agreement betweepelf-consistency loop> The corresponding expression for
the calculated Kohn—Sham Fermi surface and the measurd@ie ground-state energy is
one was so remarkable for some syst&htisat it motivated N
analyses of solubléperturbative models for which the dif- Eo= >, &—Eo{n(r)]
ference between the interacting and noninteracting Fermi i=1
surfaces could be calculated explicitly, and shown not to

(23

n=n(r)

vanish?® Clearly, the accuracy of DFT predictions for +f dr n(r) (e (n(r)=v,(n(r))), (24)
ground-state energies and density distributions can be im-
proved by finding better practical approximationsEqg[n],  where the first term is the noninteracting energy, the second

whereas improving the accuracy of such band-structure caterm subtracts half of the double counting of the electrostatic
culations may require “going back to the drawing board” energy as in the Hartree scheme, and the last term is a similar
and devising other, more appropriate, calculationakubtraction for the exchange-correlation energy.

schemes? The LDA has been shown to give very good results for
many atomic, molecular, and crystalline interacting electron
systems, even though in these systems the density of elec-
trons is not slowly varying. As an example, we show in Fig.

4 the solution for an atom of argon. One can see that the
shell structure, which is absent in the Thomas—Fermi model,
is described here in detail. The calculated ground-state en-
ergy is—525.9 hartrees compared t6652.7 hartrees in the

C. The local density approximation

As a practical approximate expression teg/n], Kohn
and Sharl suggested what is known in the context of DFT
asthelocal density approximation, or LDA

Exc[n(r)]:J dr n(r) e (n(r)), (22) Ar Z=18

wheree,(n) is the exchange-correlation energy per electron
in a uniform electron gas of density. This quantity is
known exactly in the limit of high density, and can be com-
puted accurately at densities of interest, using Monte Carlo
techniques(i.e., there are no free parameterk practice,
one usually employs parametric formulas which are fitted to
the data and are accurate to within 1%—2%. As an example,
we quote that given by Gunnarson and Lundquigef. 31):
€,c(n)=—0.458f;—0.06665(r¢/11.4) hartrees, whene, is
in units of the Bohr radius, an(x)=1/2{(1+x%)log(1 _ _ N
+X71)—X2+(1/2)X— 1/3} see Fig. 3. F_lg. 4. The densny_w(r_) for an argon atgm, multlpllgd by? for conve-
N . nience of presentatiofinverse Bohr rad)i as a function of the distance

No_te that the Only dlﬁerenge between_ the resultmg qom'from the origin(in Bohr radij. The full line is the DFT result using the
putational scheme and a naive mean-field approach is théa, and shows the shell structure; the dashed line is the result of the
addition of the potential Thomas—Fermi model for this atom.
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Thomas—Fermi model (one hartreme*/4?=27.2e\j. The = We are thus motivated to define a pair correlation function,
experimental value is-527.6 hartrees—the LDA result is 9(r.r"), equal to the difference between the two pair densi-
accurate to within less than half a percent, compared to thaes

20% inaccuracy of the Thomas—Fermi model. Both the de- N/ - / /

scription of the);hell structure and much of the improvemenp(r’r )=(PN)(p(r) = 8(r=r"))ar,a=n(NN(r). - (26)

in the energy estimate are due to the introduction by Kohrit is of relevance here thaj(r,r’) at typical electron densi-
and Sham of an exact method for evaluating the highly nonties is relatively featureless—it is only at very low densities
local kinetic energy functional. However, the accuracy of the(r .~100a,) that electrons tend to develop strong correla-
exchange-correlation term is also of central importance, andons, and may form a Wigner crystal.

will be discussed next. Using the fact that the number of particledy
=[dr’ p(r'), does not fluctuate at very small temperatures,
and is equal to its expectation valud= [ dr' n(r’), it is
easy to show thaf dr’ g(r,r’)=—n(r). It is convenient to
define a normalized version of this correlation function

In this section, we discuss a few aspect€Egf n] which  pPxc(r,r";[n],A)=g(r,r")/n(r), which is the density of the
are somewhat more advancéhd may be skipped in a first so-called exchange-correlation hotg. describes the region
reading. In the first subsection, a formally exact expressionin r’-space from which an electron is “missing” if it is
for the exchange-correlation energy is derived, and a surknown to be at point, and the fact that its integral ovef is
rule which applies to it is obtained. The next subsection proequal to—1 corresponds to the fact that there is exactly one
vides references to some more recent and accurate approxhissing electron. In terms of th&-integrated value of this
mations, which were devised with this sum rule in mind. quantity,

Finally, a general discussion of the level of accuracy N
?ch:s\étnad by these approximations for different applications w(r,r')= fo dA pu(r,r';[n],A)

IV. ACCURACY OF THE
EXCHANGE-CORRELATION ENERGY

A. The exchange-correlation hole = fl dA g(r,r’)/n(r), (27
(o]

A deeper understanding of the exchange-correlation en-
ergy can be achieved by considering a continuous transitiofl€ exchange-correlation energy is given formally as
between the interacting and noninteracting systems which e2 ¢ drdr’
appear in the definition d&,J n], rather than using a simple E,.Jn(r)]= ?f |r_—r,|n(r)w(r,r’). (28
subtraction as in Eq15). To do this, we reduce the strength
of the Coulomb interactiore?, and contemplate a more gen- In other words, the exact exchange-correlation energy may
eral interaction potentialu(r)=Ae?r with 0O<A<1. In  be written as in the LDA, Eq(22), provided that the corre-
sponding energy per particle,. is interpreted not as a local
quantity but is evaluated according to the density of the
exchange-correlation hole, e.=(e?/2)f dr' w(r,r')/
[r—r’].

The normalization property of the exchange-correlation
hole, p,., carries over to its\-averaged counterpart

other words, we define the Hamiltonian #&kys=T+V

+ AU, with the noninteracting system corresponding/to
=0, and the interacting-electron systemite- 1. For a given
density distributiom(r), one can conside¥ [ n] for inter-

mediate values o\, which leads to the exact expression

19F
FHK[n]=Fm[n]+fo%["]dA- (29 j dr' w(r,r")=—1, (29

The general rules for Legendre transforms give the derivativehis “sum rule,” Eq. (29), has been usédas the basis for
dFuk[n]/dA as equal todd/9A, which in turn is equal to an “explanation” of the relatively high accuracy achieved
(0), the expectation value of the interaction enetyyNote by the LDA: the reference system hefthe homogeneous
that the derivative of) is taken at a constant potential, but in €lectron gashas properties which are also exact for the in-
order to reproduce the given density distributiofr), this homogeneous system. More importantly, it restricts and

potential must depend oh [it is usually denoted by ,(r), guides the search for more accurate practical approxima-

but we need it here only at the two extremes, for which welions: expressions which break the sum rule cannot be ex-

already have appropriate notationg(r)=v(r), andvy(r) pected to work wellsee beloy
=Ver(r) - _
Comparing Eq.(25) with Eq. (15), we find thatE,Jn]  B. Refinements ofE,

=[5dA(U)—Ec{n], i.e., the exchange-correlation energy The fact that the LDA achieves a higblative accuracy,

is the difference between th&-averaged expectation value j.e., can predict the ground-state energy of various systems to
of the interaction energy and the electrostatic approximationvithin less than a percent, does not mean thatabsolute

to it. Both of these are integrals over the product of theaccuracy is sufficient. In particular, typical applications in
Coulomb interaction and the density of pairs, which ischemistry require that the energy of a molecule be known to
L2p(r)(p(r')—a5(r—r"))) and (1/2n(r)n(r’) for the ex-  within a small fraction of an electron volt. Indeed, improving
act and approximate expressions, respectivilg factor of upon the accuracy of the LDA is a goal which has been
1/2 corrects for the double counting of each pair, anddhe persistently pursued. One improvement which is very often
function removes the interaction of each electron with ijself implemented is the local spin-density (LSD)
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approximatiort® which is motivated in part by the fact that quantitative picture. It is of course a dramatic improvement
the exchange-correlation hole is very different for electronsover the Thomas—Fermi model. It even improves on the
with parallel and with antiparallel spins. In this scheme,more labor-intensive Hartree—Fock method in many cases,
separate densities of spin-up and spin-down electrons aggspecially when one is calculating the strength of molecular
used as a pair of functional variables:(r) andn (r), and  ponds, which are substantially overestimated in Hartree—
the Hamiltonian contains separate potentials for spin-up angtock calculations. This can only be considered as a surpris-
spin-down electrons—a Zeeman-energy magnetic field terr[hg success, keeping in mind that an isolated atom or mol-
is introduced. The exchange-correlation energy per particle igc e is as inhomogeneous an electronic system as possible,
then taken from the results for a homogeneous spin-polarizegh, yherefore the last place where one might expect a local
electr,on gaS’EXC(nT. ny)- The. spin dependence allows approximation to work. In other words, electronic correla-
Hund’s rule to be d|scusse.d ywthm DFT' tions in such systems are in a sense weak, and are on average
The next degree of sophistication is to allay to depend similar to those of a uniform electron ggsee the discussion

not only on the local densities but also on the rate-of-chang )
of the densities, i.e., to add gradient corrections. Unfortu-((njf the sum rule, Eq29)]. However, the many-body quantum

nately, it was found that such corrections do not necessaril?tates of such reIaUngy small systems can be solved for ex-
improve the accuracy obtained. In fact, introducing gradien reme_ly accurate_l)_/ using weII-knqwn te_chnlques of_quantum
corrections in a straightforward and systematic manner, bghemlstrg/ . specifically the configuration interactidfl)
expanding around the uniform electron gas, breaks the sufiiethod™® Furthermore, these techniques mtrolledap-
rule of Eq.(29) and is less accuraf8.This situation led to Proximations, so that the accuracy can be improved indefi-
the development of variougeneralized gradient approxima- hitely, given a powerful enough computer, and indeed im-
tions (GGA9,**8 in which the spatial variations ofi(r) pressive agreement with experiment is routinely achieved.
enter in a manner which conforms with the sum rule, andFor this reason, most quantum chemists did not embrace
which have succeeded in reducing the errors of the LDA byDFT at an early stage.

a factor which is typically about 4. It is in studies of larger molecules that DFT becomes an
Further improvements in practical expressionsEQq n] indispensable todl.The computational effort required in the
are actively being pursued.One direction which may per- conventional quantum chemistry approaches grows exponen-

haps achieve the accuracy needed for applications itally with the number of electrons involved, whereas in DFT
chemistry® is to use the fact that the exact form of the it grows roughly as the third power of this number. In prac-
exchange-correlation hole can be calculated et O rela-  tice, this means that DFT can be applied to molecules with
tively easily, directly from the noninteracting Kohn—Sham hundreds of atoms, whereas using Cl, one is limited to sys-
system. There is thus no need to use an approximation sugms with only a few atoms. Simply solving the noninteract-
as the LDA or the GGA for the lowk portion of the integral i hroblem for a complicated molecule may also be prohibi-
in Eq. (28). Ultimately, one hopes that a systematic methodye - and various methods are used in order to reduce the

of improving the approximation would be found, although S0 opem 19 a computationally manageable task. Of these, we
far this has been an elusive goal. . . ;
mention the well-known pseudopotential metH8ehich al-
. lows one to avoid recalculating the wave functions of the
C. Successes and failures inert core electrons over and over again, and the recent at-
Over the years, many different types of applications off€MPS to develop “ordeN” methods,” which make use of
DFT have been developed. This variety evolved becausi® fact that the behavior of the densities at each point is
knowledge of the electronic ground-state energy as a funcdétermined primarily by the atoms in its immediate vicinity,
tion of the position of the atomic nuclei determines molecu-father than by the whole molecule. It is for this problem that
lar and crystal structure, and gives the forces acting on thgwore and more accurate density functionals are most obvi-
atomic nuclei when they are not at their equilibrium posi-ously needed. To illustrate this, we quote one sentence from
tions. At present, DFT is being used routinely to solve prob-Ref. 38: “Accurate atomization energies are folnding the
lems in atomic and molecular physics, such as the calculasGA] for seven hydrocarbon molecules, with a rms error per
tion of ionization potentiaf§ and vibration spectra, the study bond of 0.1 eV, compared with 0.7 eV for the LSD approxi-
of chemical reactions, the structure of biomolecdfeand  mation and 2.4 eV for the Hartree—Eock approximation.”
the nature of active sites in catalyStss well as problems in - The remarkable usefulness of DFT for solid-state physics
condensed matter physics, such as lattice structineisase  \as apparent from the outset. For example, the lattice con-
transitions in solid8? and liquid metals® Furthermore, stants of simple crystals are obtained with an accuracy of
these methods have made possible the development of accysout 106 already in the LDA? In such applications, the

rate molecular dynamics schemes in which the forces argo ronic structure of a single-unit cell with periodic bound-

H “ %
evaluated quantum mechanically “on the fly. ary conditions is studied; more ambitious applications are

It is important to stress that all practical applications of IS0 common. e a supercell containing manv unit cells
DFT rest on essentially uncontrolled approximations, such ad" » €0, P 9 y

the LDA discussed above. Thus, the validity of the method iéN'th a single impurity or defect: Admittedly, this method is

in practice established by its ability to reproduce experimenin@ppropriate for treating some more complicated situations,

tal results. A discussion of the accuracy achieved by DETSUch as antiferromagnets or systems with strong electronic

Compared to other alternative approachesl necessar”y déorrelations. In other .Case-S, such as for the work fUnC-tion of
pends very much on the specific applications one has imetals, local approximations such as the LDA obviously
mind, as detailed below. miss an important part of the physics: for a paina short

For atoms and small molecules, the simplest version of thélistance away from the surface of a metal, the exchange-
LDA already provides a very useful qualitative and semi-correlation holep,(r,r") is concentrated at points inside
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or very near the surface of the metal, this results in image= 5E,/6v(r), when the definition Fu[n]=E,

forceS, i.e., al/ beh.aViOIr OfVXC (Wherer is the dlStanCe _f dr n(r)v(r) is viewed as E(functionab Legendre trans-
from the surfacg which is nonlocal. However, this defi- form.

ciency can be corrected for “by hand,” yielding satisfactory  The functionalF [ n(r)] discussed above is not known

52
results. . explicitly in terms of its variablen(r). The second crucial

m;?ignesnirsa}h It ;f’egse;urgtr?]er;gi tvr\}ﬁfcgn ;r%mer%Sti:%;?prg_step is to introduce a practical approximation for this energy
; sing P P Y 0Pl nctional. It may be written as a sum of three terfisthe
mized to fit a certain set of data and may thus be used reli

ably for interpolation, the LDA and the GGA have proved to Kinetic energy term, which is by def|n|t.|on equal to _Fhe value
exhibit a consistent degree of accuracy or inaccuracy for aHK[n(r)] would have for n_omnteractmg eIec_tror(s,) the
wide variety of problems—when applied to a new problem,1artree term, which is simply a double integral over
the results can thus be interpreted with some confidence. OfEr)N(r’), and (iii) the remainder or exchange-correlation
should of course also be aware of the cases for which thedgm, which in principle contains all of the complicated in-
approximations are known to fail, such as the image forceéeraction physics ignored by the first two terms, and must be
mentioned above, and van der Waals forteshich are im-  approximated in practice. By taking a functional derivative,
portant, e.g., for biological molecules. Both of these areone finds that the external potentialr) is given by a cor-
manifestations of the significance of nonlocal responding sum of three termé) the so-called effective
correlations—a nonlocality which is by definition absent potential, v (r), which is the potential that a system of
from the LDA and its immediate extensions. These examplesoninteracting electrons must have in order to reproduce the
of practical failure_, together with the unattractiveness of unn(r) of the interacting systentii) the electrostatic potential,
controlled approximations, spur research towards new angnd (jii) an exchange-correlation potential. The simplest
more exact exchange-correlation energy functionals. ~ \idely used expression for the exchange-correlation term is
Our_d|scu35|on would not be complete v_wthout mentioningthe |ocal density approximatiolLDA), which takes the
the existence of many other uses of density-functional methaychange-correlation energy density at each point in the sys-
ods, for electronic systems and for other physical systemsem to be equal to its known value foruaiform interacting
The former include time-dependent DFT, which relates in-gjectron gas of the same density, and results in a parameter-

teracting and noninteracting electronic systems moving ifree approximate description of all electronic systems.
time-dependent potentials, and relativistic DFT, which uses Tpese ideas are implemented by the Kohn—Sham set of

the Dirac equation rather than the Schdimger equation to o ; ; ; ; ; :
. . quations, which consists of a noninteracting Sdhrger
calculate the Kohn—Sham stat@bese are reviewed in Ref. equation involving the effective potential (1), the above-

2). The latter include applications in nuclear physics, in . . . .
which the densities of protons and neutrons and the resultingent'oned_ relationship betwe@/_tgﬁ (r) and the given e_xte_r-
al potentialv(r), and expressions for the density distribu-

energies are studied,and in the theory of liquids, as already " ) ) .
discussed in Sec. II. tion n(r) and the interacting ground-state enekgyin terms

of the properties of the noninteracting single-particle solu-

tions and of the approximate expression for the exchange-
V. SUMMARY correlation energy which is in use. Using modern computers,

the Kohn—Sham equations can be solved even for systems

In describing density functional theoffDFT) and the ap- containing dozens of atoms, and the results for the ground-

proximations typically implied by its use, it is necessary tostate energy are typically accurate to within a small fraction
follow two steps, as was done in considerable detail in Secsif a percent. In contrast to othémuch more computation-
Il and lll above. The first step is to introduce the ally demanding methods of calculating the ground-state en-
Hohenberg—Kohn energ¥«[n(r)]. It is equal to the in- ergy, the LDA is an uncontrolled approximation, and so
ternal energy, i.e., the difference between the ground-staf@ere is no straightforward path to desired further improve-
energyE, and the potential energy, or the sum of the kineticments in the accuracy. Nevertheless, remarkable progress in
energy and the interaction energy of the electréng[n]is  this direction has been achieved over the years, most notably
a universal functional of the density distribution—it applies With the introduction of the generalized gradient approxima-
to atoms, molecules, crystals, and all other electronic sysion (GGA.

tems. The existence &f k[ n] arises from the fact that each V(\j/_rfl_eretas thte otl;]tling tjusdt git\_/en (ioué?:_?ptpr(]lyith min?rd_
system has not only a unique external potentigt), as in modification3 to other introductions to , (€ present dis-

traditional many-body theory, but also a unique density dis—\(,;v uesl’l'b:ll?nnovvxﬁstr?:tsﬁwd t(r):aztiig agﬁ{?{%’O\r’]vgwg;rén&deyﬁm'gz'r I(t)f's
tribution, n(r). Within DFT, the different systems are la- g

o . . particlesN is constrained, it is preferable to use it as a free
beled by their different electronic densities(r), and the | ape rather than the chemical potenialSimilarly, one

potentialv(r) is considered as secondary to, and dependenfay think of the Coulomb interaction as imposing strong
on, the primaryn(r). In fact, the potential is given by the constraints on the density distribution(r) required to
functional derivativev(r) = — 6Fy /n(r). This property of  achieve low-energy structures in inhomogeneous electronic
Frk[n] can be deduced in two equivalent waya). it is the  systems; it is thus preferable to use it instead of the potential
Euler equation for the Hohenberg—Kohn theorem, which is &(r) as a free variable.

variational principle stating that the total enerdy,k[n] Three of the advantages of the present approach, as com-
+ [ drn(r)v(r), is minimized for a giverv(r) by the cor-  pared, e.g., with introducing DFT using Levy’s constrained-
responding ground-state densityr), and has the ground- search methodf are: (a) the density distributiom(r) ap-
state energyEq as its minimum value(b) it arises as the pears here as a natural variable—it is conjugatev (o)
conjugate of the well-known relationship n(r) through a Legendre transform—whereas in the conventional
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description of DFT the very existence of the functional lent opportunity for them to be introduced. For our purposes, one may
Fux[n] appears to be surprising and requires some digestion;s'mply regar_d the fungtlonal varlablem_(r) andv(r) e}bove, as defined on
(b) some of the mathematical difficulties encountered in the a dense lattice oK pointsr,, each point representing a small volume of

d-state th t t in the th f finit spaceV,, with k=1,2,...K and with the limitK—c in mind. In this
ground-staie theory are not present in the theory ol linne picture, the functionals such dsy[n] are simply functions of th&<

temperature ensembles; afwl using the standard properties yariaples(n,}, wheren,=n(r,). Integration over space is now expressed
Of Legendre tranSfOfmS, one |mmed|ate|y ObtaInS the phySI- as a sum, egﬁ dr n(r)v(r) beCOme§4E=1anka, and Corresponding|y
cal expression for the exchange-correlation energy in termsa s function near the point; is replaced by a Kroneckef, ; divided by

of the density of the exchange-correlation hole, E8), an the volumeV;. The functional derivative, conventionally defined as
expression which serves as the basis for a discussion of thesF/én(r)=lim,_o (F[n(r')+ a&(r'—r)]=F[n])/«, is then equal to
weaknesses and strengths of the approximations employed irthe partial derivativesF/on, divided by the volume elemen¥, . The
practice. We hope that the availability of this type of intro- usual chgln ru_Ies for derivatives follow, and can be_ used |n_der|vmg, e.g.,
duction will help increase the awareness and understandin he relationshipn(r)=6Q/év(r). A more detailed introduction can be

f DET t potential d iall t th ound in C. F. Stevens, “The six core theories of modern physi@dgIT
o amongst potential users, and especially amongs ePress, Cambridge, 1995p. 32—38, or in Ref. 1.

general audience of physicists and scientists. UFor alternatives, see R. F. Nalewajski, and R. G. Parr, “Legendre trans-
forms and Maxwell relations in density functional theory,” J. Chem. Phys.
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