Differentiation in Banach spaces

link: http://www.cs.utk.edu/~mclennan/Classes/594-MNN/

Fréchet derivative

Deflnition 2.4.1 (Fréchet differentiation) Suppose X and Y are
twa Danach spaces and U7 is an apen subsel of X. Then T : 017 4 Y is
I'véchel dillerentiable af b 2f there is ¢ bounded linear apervior D : X —
Y such thal the fallowing helds. For all & € X such thal ¢+ a € [,
there is an It : X = Y such that

T(¢+a) =T(¢) + Dla) + Ela)

and
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Under these circurnsiances, D is called the Fréchel derivalive aof T al
@, it 23 denated by T'(h). The IFréchel derivalive is a lacally linear
apprezirnation to T; T'(¢)(a) = D(a) is called the Tréchel diflerential
af T.

Remark 2.4.1 Since ¢ finear aperalor is conlinvaus if and anly if i
ts bounded, Iréchel derivalives are {by definition) conlinvaus.

Proposition 2.4.1 The derivalive of « linear aperatar is thal aperatar:
L(¢)= L.
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Gateaux derivative

Remark 2.4.2 Note that T’ : X =+ L(X.Y), where L(X.Y) s the
space aof all continveus fbounded) iinear operutors frarn X ta Y.

Remark 2.4.3 Iligher arder derivalives are defined in the abvious way.
Suppose T: X 4 Y. Sinee T?: X 4 L(X.Y), i ts easy lo see thal the
higher derivalives have the lypes:

T7: X =+ L(X, L(X,Y)),
T : X o L(X,L(X,L(X, Y))),

and sa forth. Nale thal each successive derivalive is af “higher lype”
than ils predecessor.

Deflnition 2.4.2 (Gateaux differentiation) Suppese X and Y are
Banach spaces, IV € X is cpen, andT : U7 =4 Y. Then T has ¢ Galeauz
derivalive ol oo € U7 &f, for all & € [ the following liznil ezzsis:

dT(6,0) = ymﬂ‘” ta) —T(e) _
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We write dT(¢h ) for the Galeauz derivative of T al ¢ I the “divec-
tzan” c.

Proposition 2.4.2 The (Gdleauz derivalive, if il ezisls, 1s unique.



