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Angular momentum - useful formulae
and results

In this appendix, we collect, for the most part without proof, useful relations
and results concerned with angular momentum. A good elementary treatment of
angular momentum can be found in the texts by Powell and Crasemann (1962)
and Merzbacher (1970) while a more advanced and complete treatment can be
found in the monographs of Edmonds (1957), and Rose (1957).

Angular momentum operators

In Chapter 2, we discussed the representation of the components of the orbital
angular momentum L by differential operators, starting from the expression
L = r x p. We also outlined the theory of particles of spin one-haif, for which
the components of the spin angular morr}en/tum S were represented by 2 X 2
matrices. We shall obtain a general matrix representation for the Cartesian
components 7., f, and ¥, of the angular momentum operator J, which will
include the particular cases such that the angular momentum is purely of orbital
or of spin type.

The operators 7., ¥, and ¥, are defined as linear self-adjoint operators
satisfying the commutation relations

[Fx» J,] = iiJ, (and cyclicly) [A4.1]

Since J* = ¥Z + 72 + ¥2 commutes with each componeént, simultaneous
eigenfunctions ¢,,, of J* and one component, say 7., can be found, with

P = j(G + DA [A4.2]
Follim = mhif,

We may normalise the i, to unity, in which case the orthonormality relations

<¢j'm"¢ﬁm> = 8]}"’ Smm [A43]

are satisfied, and 7, is represented by a diagonal matrix with elements
(G| FolWim) = B0 Sy s [A4.4]
In this matrix representation, the eigenfunctions iy, are, in fact, column

vectors.
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The eigenvalues, which we have written for later convenience in the form
j(j + D&?*and mh, are real as J* and ¥, are self-adjoint. They can be determined
by the following argument, which we give in outline only.

Let us define the raising and lowering operators . as

Fe=F 1], [A4.5]

where ¥, = J1; ¥_ = ¥1. We note the relations
[Fos Fol = AT [A4.6]
[J5,F7:1=0 [A4.7]

FoF-=P-Fi+his F-J.=F-F -t [A4.8]

From the commutation relation [A4.6], we have

jz {.7t‘>[’jm} = ]i}zd’jm + ﬁjid’jm
= (m = Dh{F - ¢} [A4.9]

so that ( ¥ . ¢;,,) are eigenfunctions of ¥, belonging to the eigenvalues (m #* 1).
Because of [A4.7], these functions are simultaneously eigenfunctions of J?,
belonging to the eigenvalue j(j + 1)#%.

~.For any wave function ¢, (¢|J*|¢) = (¢| 72|¢), and setting ¢ = ¢;,, we find

G+ D=m [A4.10]

By operating with ¥, or ¥ _ repeatedly, sequences of eigenfunctions of 7, can be
constructed, namely (F.)"i;,,, (F-)" ;m, with eigenvalues (m + n)i and
(m — n")fi respectively. In view of [ A4.10], for each j there must be a maximum
eigenvalue of 7., say A%, and also a minimum eigenvalue, say A'ft, such that
A — A’ = an integer (or zero). If ¥, is applied to y;,, we must have 7, ¢s;, = 0,
for otherwise the sequence would not terminate and Az would not be the
maximum eigenvalue. Using [A4.8], we have

F Tt =G+ 1D — A2 = Ay = 0 [A4.11]
with the solution A = j. In the same way ¥ ¢, = 0, from which we find
A" = —j. Since (A — A’) is an integer (or zero), (2f) is an integer (or zero) and j
must be one of the integers or half-integers, j = 0, 3,1, 3/2,2,.... Fora
given value of j, m can take the (25 + 1) values ~j, —y + I,...7—1, 1.

To find the matrix elements of ¥, and ¥, or equivalently of ¥, and ¥, we
note that

‘7+‘~,!/jm = N(;bjm-#l [A4'12]

where N is a constant. Since both ¢;, and 5,1 are normalised to unity, we
have from [A4.3]

NZ = (.7+'7b}ml.7+wjm) = (%mlj—}+]%m)
=12+ 1) — m(im + 1)) [A4.13]
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where we have used [A4.8]. Adopting the convention that N is real and positive,
we then obtain

N=#JiG+1) —mm+ 1) [A4.14]
From { A4.12], the matrix representing 7. in the basis of eigenfunctions gbfm\is
(Gym| T llim) = iG + 1) = mm + DA 85 Spmer  [A4.15]

In a similar way, we find
(W Tty = GG+ 1) = mim — DA 8 Spmy [A4.16]

As we saw in Chapter 2, if J is a pure orbital angular momentum (L), the wave
function must be single valued as a function of position, and this excludes the
half-integral values of j. For a spin angular momentum or when J is the sum of
an orbital and a spin angular momentum, both the integral and half-integral
values are allowed. '

Spherical harmonics and Legendre polynomials

In Chapter 2 we introduced the spherical harmonics Y,,(8, ¢), which are the
simultaneous eigenfunctions of the orbital angular momentum operators L? and
LZS

LZYlm = l(l + 1)h2Ylm; Lzylm = mﬁYlm [A417]

where [ =0, 1,2,...and m= —], =l + 1,...1— 1, l. They satisfy the

orthonormality relation
f Y7 (6, #)Y (6, &) dQ = 8y Bpm'; (dQ) = sin 6 d6 d¢p) [A4.18]

and the closure relation
I

> S YRGB, GV, 0, ¢) = 80 - Q) [A4.19]

=0 m=—{

where
1
6 — Q) =——=6(6—- 60— ")
sin 6

If the operators L. are defined as L. = L, * iL, (see [A4.5]) we have

) a d
- iy ) —_—
L. = the [tae + 1 cot 6 54”] {A4.20]
and
L.Y,, =hJll+ 1) —mm=1) Y. [A4.21]

in agreement with the general results of [A4.15] and [A4.16].
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In the special case m = 0, the spherical harmonics are given by

2l + 1
dqr

where the functions P;(cos §) are the Legendre polynomials defined in

Section 2.5.
Let r, and r, be two vectors having polar angles (6;, ¢;) and (6,, ¢;)

respectively, and let ¢ be the angle between them. It can be shown that

Y, = P(cos 8) [A4.22]

+!
> Y701, ¢0)Yim(6:, ¢2) [A4.23]

Pieos ) = 37371,

which is known as the addition (or biaxial) theorem of the spherical harmonics.
From the generating function [2.168] of the Legendre polynomials, we see that

] o ()
= P,(cos 6) - [A4.24]

1T 2V (>)l+l
which, using [A4 23], may also be written as

. i
= > Z 2! T (( ;[)H Y (015 60 Y (62, ¢2)  [A4.25]

} [r; — rz} =0 m=—1
It ééh also be shown (Mathews and Walker, 1973) that

e}(p'[_—lkh'l___’_fg—u tk E (21 + 1)y (kro) [j (Rrs) + m,(kr>)]P1(Cos &)
rr —r

[A4.26]

where j, and n, are spherical Bessel and Neumann functions respectively.
Finally, we quote the formula giving the expansion of a plane wave in Legendre

polynomials, namely

>

e™r = > (2 + 1)i5,(kr)P(cos 6) [A4.27]
=0

where 6 is the angle between the vectors k and r.

Addition of angular momenta. The Clebsch-Gordan coefficients

Consider a system described by two angular momenta J; and J;, such that the
components of J; commute with the components of J,. For example, J, and J,
could be the angular momenta of different particles, or the orbital and spin
angular momenta of a single particle. The normalised simultaneous.eigenfunc-
tions of J? and 15 corresponding to eigenvalues j,(7; + 1)A% and m; A will be
denoted by i, and similarly, the normalised eigenfunctions of J3 and ¥,,
corresponding to ' cigenvalues j,(j, + 1)4% and m,# will be denoted by y;,, . The
simultaneous eigenfunctions of 35, F1e» J5 and 7, are then given by the product

613



Appendix 4

functions
l'llflml'v.fzmz = d{hm; X d{r'zmz [A428]

and for a given j, and j,, there are (2j; + 1) X (27, + 1) of these functions.
Now consider the total angular momentum

I=5L+) [A4.29]

Since J?, #., J3 and J3 all commute, these operators possess a set of simultaneous
eigenfunctions, which we shall write as /7 where '

o = j(j + DRP®T
F.om = mhdin

12

[A4.30]

For a given j, there are (2j + 1) values of m with —j < m =< j and j can take any

of the values |j;, — Ja|, |71 — 72l + 1, . . . (1 + 7). Again there are (2j; + 1) X
(2j; + 1) of the functions ® }’;‘ s whlch can be related to the function [A4.28] by a

unitary transformation:
I = > (1i2mama i ms [A4.31]

m,m,

The coefficients (jj;mim;|jm) are called Clebsch—Gordan coefficients. These
coefficients vanish unless m =m; +m; and |j; — j;l <j<j + j2, and
possess the following important properties:

Orthonormality relations

2 <].1j2mlm2|jm)<j1].2mlm2']vm’> = O O mm’

_2 (Jrizamama|jm)(j1imims| jm) = 8, 1By m; [A4.32]
jom
Symmetry properties
(jrizmuma|jm)y = (=177 (G, fimamy | jm)
= (=12 (fifa — my — mylj — m)
27+ 1
2 + 1

In Table A4.1, the coefficients (jj,m;m,|jm) are tabulated for the casesj, = 3
and 7, = 1. By using the symmetry relations, all the coefficients with any one of
715 j2 or j equal to 4, or to 1, can be found.

1/2
= (-1 ( ) (f1jmy — mj — my) [A4.33]

Useful notations

When adding two orbital angular momenta L, and L, we shall write [A4.31]in
the explicit position representation as

Y (113 Oadby) = D, (hlgmymy|im) Vi (615 1) Yim (62, d2) [Ad.34]

mm;
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Tablte A4.1 Clebsch—Gordan coefficients for j, = 4 and j, = 1

(fy2mymy| jm)

J m, = ‘2l my; = —%
SN (f1 +om + %)”2 - m+ )“Z
n : 2][ +1 J . Z_]l + 1
. _(j1 -~ m + 71)“2 (j, +m+ %)1’2
T 2, + 1 2+ 1
(j|1m1m2|jm)

P (/i + m{j; + m + D2 [(]1 —m+ D +m+ D)2 [(j, — m)(jy —m + 1)]"?
: 2jhy + D2 + 2) Ch + DG+ b | 2+ D&+ 2|
j _[(j[ + m)(j —m+ 1)}“2[ m? ]1/2 [(j, — m)(y + m + D]'?
1 . . . . . B

2h(h + 1) G+ D i (i + D |
J [(j' —m(h —m+ U:lm [(j' - m)(j, + m? [(jy + m + DG, + m)['?
1 . - — T

(2 + 1D h@n+ 0 2025 + 1)

whéfé Gyfl”,’z is a simultaneous eigenfunction of L{, L3, L? and L,, and
L = L, + L;. Similarly, when adding an orbital angular momentum L with a
spin angular momentum S, so that J = L + S we shall often write

Yi' (6, ) = D) (smym) jm)Y 1, (6, &) Xom [A4.35]

m

where x,, is a spin wave function.
When ‘taking matrix elements of operators with respect to the eigenfunctions

h I Y . . ., we shall frequently use the Dirac notation in which eigenvec-
tors are wrltten in the form <I)J — |j1j2im). We then write
(@I ALY = (jrjaim| Aljiaim') [A4.36]
and

{ d, [ dQ, Gylm*(elﬁbla 92¢2)Aoy§ 7(914)13 0:¢2)
= (L imlALBI'm') [A4.37]

where A is an operator. The defining relation of the Clebsch~Gordan coef-
ficients [A4.31] can then be written as

|j1j2jm) = z <jlj2m1m2[jm)|jlm1> X |jzmz) [A4-38]

mym;
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Integrals of products of spherical harmonics

It can be shown that the product Y, ,, (6, #)Y,,, (8, ¢) can be expressed as a
series by

| hrt (2L + DL + D)2
Yllml(ea (f))yiz’”z(e’ ¢) = E E [( 1417(2!(-{—21) :l

1=\l L] m=~!

X (11100{10) 1 lmymy|im) Y, (8, &) [A4.39]

This enables us to evaluate the integral of a product of three spherical
harmonics. Using [2.181b] and the orthonormality property {A4.18] we have

J Yim (0, )Y, (0, 4)Y1, (6, &) A2

- @L+1DQL+ D
= 472 + 1)

1/2
J (111200|130>(lllzm1m2|13 - m_:;) [A440]

Scalar and vector operators

A scalar operator ¥ is one for which the expectation values (¢| ¥ | ¢) are unaltered
by a rotation of the coordinate system. It can be shown (Powell and Crasemann,
1962; Merzbacher, 1970) that for an operator to be scalar it must commute with
all components of the total angular momentum operator J:

[#,J1=0 [A4.41]

from which it follows that if ¥, is a simultaneous eigenfunction of J* and ¥,
belonging to the quantum numbers j and m, then {;,|¥|¢;, ) vanishes unless

7 =7 and m = m', and
Sim = Aj, [A4.42]

where A is an eigenvalue of &. Since ¥ ¢, = N1 and as [ J4, F] = 0, we
must also have

9)'ﬂb_‘;‘m+l = Aly[’jeri [A443]

so the eigenvalue A is independent of m (but it does depend on j).

In general, wave functions depend on other quantum numbers in addition to
angular momentum quantum numbers (for example, principal quantum num-
bers). Denoting these other quantum numbers collectively by a, we see that

<¢)ajm“gp‘¢a'j'm’> = (ajm‘fﬂa'j’m’) = ’\jaa' Sjj'amm' [A4‘44]
This is the simplest example of the fact that matrix elements of operators having
well-defined properties under rotations depend upon the magnetic quantum

numbers through a ‘geometrical’ factor (equal in the present case to §,,,,) which
is independent of the dynamics of the system.
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In this book, we are mainly concerned with vector operators, of which the
components transform like the components of a vector under rotations. The
condition for an operator V with components V,, V,, V, to be a vector operator
is that it satisfies the commutation relations {5.71]. It is useful to define the
spherical components of V as

1 , 1 _
Vl = —ﬁ (Vx + 1Vy)5 VO = st V“l = —\/—E (Vx - lvy) [A4'4S]
The set of three operators V, (g = —1, 0, +1) satisfies the commutation

relations (which follow from [5.71])

(Ja Vol = @iV,
[Fes Vil = [(1 — @2 + 9?4V 0y [A4.46)
[F- V1 =[A + 9@ — 9] RV,
where V, = 0 if ¢ # 0, =1. The operators V, are special cases of irreducible
tensor operators T% of rank k, which form a set of (2k + 1) operators with ¢

running over the values —k, —% + 1, ... k — 1, k, and satisfying the
commutation relations

[F.> Te = ahTq
[F+s TZ] =[(k — @k + ¢+ l)]l/ZﬁT§+l " [A4.47]
C[FTH =+ 9%k — g + D]VTg
For such operators, the matrix elements between eigenfunctions ¢;,, and ¢; .

depend on m and m’ only through a factor which can be shown to be equal to
the Clebsch—Gordan coefficient (jkmg|;'m’'). Thus

. 1 _ _
(a'j'm'lT’;la]m) = ‘TJ\/,—T—I (Ghmgqlj'm'){a'j' |T*|aj) [A4.48]

where the reduced matrix element {a';'|| 7*||a; ) is a number depending on aa'j;’
but not on m and m’. This result is called the Wigner—Eckart theorem. It should
be noticed that the appearance of the factor (2j' + 1)~ '/? on the right-hand side
of [A4.48] is conventional; it could be absorbed into the reduced matrix

element,

The application of the Wigner—Eckart theorem to a scalar operator ¥ = T
reproduces the result [A4.44]. For vector operators we have V, = T,. As an
example of a vector operator we can take the total angular momentum, J. Then
definining ¥, by using [A4.45] with ¥ in place of V' we have,

) ) 1 . ) . )
(a'j'm’|F ogm) = "'_2\/7;———;—1<]1mq,j'm’><a’.7’”‘7(1”“]>  [A4.49]

Setting ¢ = 0 and noting that ¥, = 7,, we find by using Table A4.1 that

(@f'||Flles) = VilG + DA 85 8xa [A4.50)
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It follows from [A4.48] that if V is any vector operator then
(a'j'm’|V]ajm) = Cla’j'm’|J|ajm) [A4.51]

where C is independent of m and m’. For the case ' = j, '’ = a, C can be
found by writing

ajmlV - Jlajm) = 3 (ajmlV|ajm') - (ajm'|J|ajm) [A4.52]

where we have used the closure property
S |agm'Yajm'| = 1 [A4.53]
=

Thus
(ajm|V - Jlagm) = C 2 (ajm|Jlajm') - (ajm’|J|ajm)
= C{ajm|¥*|lajm)
= Cj(j + DA? [A4.54]
Using [A4.51], we then obtain the useful equation

G + Di¥ajm'[Viajm) = (ajm|V - J|ajm){ajm’|J|ajm)
= {ajm'|(V - DJ|ojm) [A4.55]

which relates the expectation values of the components of V to those of the
components of J.
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