
Atoms 

The attempt to explain atomic structure was one of the main motives for 
the genesis of quantum mechanics (Bohr's atomic model, spectral lines, 
etc.); at the same time it represented the first true testing ground for the 
new theory. The explanation of the existence of discrete atomic levels, 
their quantitative prediction, understanding of the periodic structure of 
the elements, the correct interpretation of chemical bonds, etc., can be 
regarded without exaggeration as one of the greatest achievements of 
the scientific thought of our time. A door to an entirely new world-
that of the atomic and subatomic phenomena-opened, triggering an 
impressive advance in basic scientific knowledge and modern technology, 
unprecedented in human history. The very concepts and many of the 
mathematical tools of quantum mechanics have, in many cases, sprung 
from the efforts to solve these problems. In this chapter, we study atomic 
structure, and try to illustrate some of these features. 

15.1 Electronic configurations 
In a first approximation the Hamiltonian of an atomic system has the 
form 

(15.1) 

In eqn (15.1) the nucleus is assumed to possess an infinite mass, ri is 
the position of the i-th electron; all relativistic corrections and spin-
dependent interaction terms are neglected for the moment: they will be 
considered later. 

The eigenvalues of H correspond to the stationary states of the atom, 
the atomic levels, with associated eigenfunction W(rl,' .. rz). It is quite 
unrealistic to think of solving the eigenvalue problem associated with H 
exactly, even numerically; even if each coordinate is replaced by a dis-
crete lattice, with e.g., 100 points, we need 1003z numbers just to write 
the wave function. Some approximation scheme must be developed. The 
basic idea is to consider in a first approximation the motion of each elec-
tron in all effective, spherically symmetric potential, due to the nucleus 
and to the mean charge density generated by all other electrons. In this 
way, SchrOdinger's equation for a single electron has the form 

(15.2) 
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406 Atoms 

The original problem can be treated perturbatively, by writing 

= Ho Ho + :--e
2

---;- - , 
where 

Ho = L hi, 

and the second term describes the deviation fro111 the approximation of 
a spherically symmetric effective potential (or simply the central field 
approximatioll) . 

The central field approximation corresponds to keeping Ho as the 
Hamiltonian. Ho is separ<1ble, each of hi depending only on the coordi-
nates of the i-th electron. The quantum numbers of the states are fixed 
by those of the single electrons. The latter are the principal quantum 
number, n, the orbital angular momentum t, iz and the z component 
of the spin, Sz. The eigenstates of Ho are constructed by taking into 
account Pauli's exclusion principle. Each state cannot be occupied by 
more than one electron. The ground state of a system with Z electrons 
can be obtained by filling all the single-particle states starting from the 
bottom. As Z is varies, various possible atoms are described in this way: 

1 H Is 
2 He ls2 
3 Li Is2 2s 

1 electron, spin s z 

2 electrons, spin: i,! 
3 electrons, spin: i,!, Sz 

and so on. The set of alI quantum numbers such as Is2 2S22p2 ... is called 
the electronic configuration. The notation borrowed from the hydrogen 
atom, such as 

nib; n 1,2 ... , i=s,p,d, ... ; b=I,2, ... ,2(2i+l) 

is used, where b is the number of electrons in a given shell, (n, e). 
The classification can be used for excited states also, for instance, 1828 
represents an excited state of the helium atom. 

This scheme implies that as Z is varied, the electronic configurations 
exhibit a structure made of shells (n, i). We expect regular structures 
corresponding to the filled (closed) shells. If the potential were purely 
Coulomb, the energy would depend only on n and each shell would 
have a 2 n2-fold degeneracy (the factor 2 is due to the spin). In a more 
realistic case of a generic spherically symmetric potential, the states with 
different values of i are not degenerate, and the filling pattern would be 
more like 

ls2, (ls2,2s2), (ls2,2s2,2p6), (ls2,2s2,2p6,3s2), 
(lS2,2s2,2p6,3s2,3p6),(ls2,2s2,2p6,3s2,3p6,3dlO), ... 



It turns out that the configurations ns are np are almost degenerate, 
and lead to a the pattern of the following type 

Config. external eledromi Atom 
ls2 2 He 
IHe]2s2 2p6 8 Ne 
[Ne]3s2 3p6 8 Ar 

A glance at the periodic table of the elements will convince the reader 
that such a filling pattern of various shells precisely corresponds to the 
periodicity observed in the chemical behavior of the dements. In partic-
ular, the closed shells s-p yield particularly stable configurations. corre-
sponding to chemically inert nobll:; gases. 

An interesting characteristic of the filling pattern concerns the d shelL 
As can be seen from the table of electronic configuratiolls at t he end of 
the hoole tlw orbitnls '.Is nrc oc('upied first. ill the el(jllll'llts potassillm 
(K) and calcium (Ca) (which have the typical characteristics of alkali 
elements and alkalille Earth metals, respectively. as ill Na and and 
then the ten 3d orbits are occupied one by one. with ten elements Sc-
Zn, and finally the 4p orbitals with six elements The elements 
corresponding to the filling of the 3d shell are called tmTtsition metals 
and have various chemical and magnetic properties in common. These 
similarities led us to think that the 3d shell corresponds to "more inte-
rior" orbits of the atom, and the peripheral electrons are the ones in the 
48 or bits which determine, approximately, their chemical properties. 

The same situation is found for the sequence Y -Cd, corresponding to 
the filling of the 4d orbitals. An even more notable analogous situation 
occurs in the filling of the 4f shell, corresponding to the rare earth 
elements, La-Lu, and the 5f shell, Ac-No. In theory the periodic table 
could continue, but the nuclei above Uranium, Z = 92, are unstable. 
The corresponding elements are not found in Nature, and when they are 
produced artificially, they decay. 

Degeneracy 

An important point in the scheme of classification used is the degeneracy 
of the levels. These can be discovered experimentally, by use of external 
electric or magnetic fields, which lift the degeneracy, and the number of 
sublevels found this way is in accord with the scheme adopted above. 

A configuration in which all possible states corresponding to a given 
principal quantum number are occupied is called a closed shell, for ex-
ample, 182 , 2p6, etc. Such a configuration is obviously non-degenerate. 
This is the situation for the noble gases (He, Ne, Ar, Kr, etc). In other 
atoms the degeneracy is determined by the number of ways the electrons 
can be arranged in the partly filled shell, respecting Pauli's principle. 
Electrons belonging to the same atomic orbitals are called equivalent 
electrons. For example, carbon in its ground state has the configuration 
182 282 2p2, with two equivalent electrons in the 2p orbit. A p orbit can 
contain up to six electrons, according to different values of £z and of 
Sz. There are 15 ways to arrange the two electrons in six possible 
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states. It is clear that the only shell which matters for degeneracy is the 
incomplete one, and in the following we shall list only these incomplete 
shells. As a second example, take nitrogen (N): in the ground state, 2p3, 

the degree of degeneracy is m 20, while in the excited state 2p23s it 
is x 2 = 30. Other examples are to be found in the exercises at the 
end of this chapter. 

We note that, by virtue of the well-known property of binomials = 
to determine the degeneracy one can count the electrons or the 

holes, that is, the missing electrons which would fill the shell. Thus 
oxygen's 2p4 orbital has the same degeneracy as carbon's 2p2; fluoride's 
2p5 has the same degeneracy as boron's 2p. Such a symmetry between 
electrons and holes will sometimes be encountered in the following. 

Let us briefly review the main experimental facts which confirm the 
validity of the scheme outlined above. 

15.1.1 The ionization potential 
A quantitative measure of the stability of an atomic system is provided 
by the ionization potential, I, defined as the m.inimum energy required 
to extract an electron from the atom. The values in e V are 
given in a table at the end of the book. In Figure 15.1 I is shown as a 
function of atomic number. The shell structure and the strong stability 
of noble gases are clearly seen. The relatively flat parts correspond to 
the filling of d and f orbitals. 
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Fig. 15.1 Ionization potential in eV versus Z. 

Intuitively the situation can be outlined as follows. Let us imagine 
going from one element to the next by increasing the nuclear charge by 
1 and by adding an electron. In passing from He to Li (Z = 2 -t Z = 3), 



the new electron would have an energy -1/(2· 22) a.u. if the two Is elec-
trons screen the nuclear charge completely, and the ionization potential 
of about 13.6/4 rv 3.4 eV, if the screening due to the other two electrons 
were perfect. Instead, the ionization potential of Li is about 5.39 eV, 
implying that the screening is not complete, and the third electron feels 
an effective charge a little larger than 1, zf rv 5.39/3.4 rv 1.584, i.e., 
Zl f'V 1.3. Even more so the next electron will see an effective charge 
not equal to Zl, but Z2 f'V (1 + a)Zl, where a > 0 represents the ineffec-
tiveness of the screening of the first electron 2s. For a sufficiently small 
and for a given shell the energy of the additional electron, proportional 
to behaves as 

Therefore for a. given shell we expect an increase in the ioniza.tion po-
tential roughly linear in Z. When the shell is filled up, the next electron 
must find a place in an orbit with a larger principal quantum number, 
and with a smaller ionization potential, and the cycle restarts. This 
picture is confirmed in broad outline by Figure 15.1. Note in particular 
the sharp discontinuities at the filling of the p shells (noble gases) and 
the relatively small discontinuities corresponding to the completion of 
of the s shell (Be, Mg etc.). 

In a given orbital, hence with a fixed radial function, at most half 
of the states have the same spin projection Sz, due to Pauli's principle. 
For instance if four p electrons were to have Sz = then at least two 
of them would have the common eigenvalue of fz, which has only three 
possible eigenvalues, 1,0, -1, which is therefore impossible. In a con-
figuration with an almost complete shell, the maximum possible value 
of S is n g/2, if ng is the maximal number of the electrons. The spin 
wave function in this case is completely symmetric, and according to 
Pauli's principle the orbital wave function must be completely antisym-
metric and hence vanishes if two orbital quantum numbers coincide. For 
continuity the probability of finding two electrons "nearby" is therefore 
small. But the interactions between two electrons are repulsive, so the 
more distant the electrons are the less their energy becomes. As we 
shall see (Hund's rule), for a given atom, the ground state corresponds 
to the maximum possible value of the total spin. For an almost filled 
shell the configuration with all spins parallel is the ground state. For 
the reasons just outlined we expect that this configuration, being able 
to minimize the Coulomb repulsion, is particularly stable, and has an 
abnormally large ionization energy, a fact which can indeed be observed 
experimentally. 

This same mechanism is responsible for a strange feature of the filling 
of the 3d shell: in the passage from vanadium (3d34s2) to chromium 
the configuration changes not to 3d44s2 but to 3d54s: the configuration 
with the orbitals d5 has less energy. A similar situation is realized for 
the orbital4f7 of gadolinium (see Table 24.5 at the end of the book). 
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15.1.2 The spectrum of alkali metals 
As expected intuitively the approximation of a spherically symmetric ef-
fective potential is particularly good for completely filled (closed) shells. 
For the alkali atoms then the optical spectrum should be well described 
by the transitions of the outer electron, an 8 electron, which moves in 
a Coulomb potential of the nucleus, screened by the spherical cloud of 
negative charge. Such an approximation must be particularly good for 
excited states, corresponding to large orbits. The energy levels of these 
atoms are in fact described well by a formula, due to Rydberg, which 
resembles that of the hydrogen atom, 

E 1 ---Ry. (15.3) 

The constant 0, culled the Rydbergdefect, describes the deviation from a 
purely Coulomb-type potential and depends on the angular momentum 
f. An example of formula (15.3) is given in Table 15.1. 

Orb. E {; Orb. E {; Orb. E <5 

18 -79.4 2p -2.80 3d -0.112 0.010 
28 -5.2 3p -0.223 0.883 4d -0.063 0.012 
38 -0.378 1.373 4p -0.101 0.867 5d -0.040 0.013 
48 -0.143 1.357 5p -0.058 0.861 6d -0.027 0.014 
58 -0.075 1.353 6p -0.037 0.859 
68 0.046 1.351 
78 -0.031 1.350 

Table 15.1 Energy levels of sodium, with the associated defect 

Such an agreement provides a strong support in favor of the idea of the 
central field and, together with the explanation of the X-ray spectrum, 
was one of the main motivations for this kind of approximation. 

15.1.3 X rays 
Electromagnetic rays of extremely short wavelengths, 10-2_102 A, known 
as X rays, are emitted when various substances are bombarded by very 
energetic electron beams. In the X ray spectra there are a set of discrete 
series, specific to the element, called characteristic X rays. These spec-
trallines form the series indicated by K, L, M ... , a little like the Lyman, 
Balmer, etc. series in the visible region of the spectrum of the hydrogen 
atom. The K X rays appear clearly starting from sodium (Z = 11); the 
X rays belonging to the L series starts about Z 2: 30; and so on. Apart 
from the much shorter wavelengths as compared to visible light (which 
has a wavelength somewhere between 3000 and 8000 A), this group of 
spectral lines has some remarkable properties which are not shared by 
visible light. The first is that the square root of the frequencies of a 



given series (for instance, K) depends linearly on Z and is basically uni-
versal, in clear contrast to the periodic property of the spectral lines in 
the visible (Figure 15.1). Another curious property is that these lines 
are seen in the emission spectra, but not in the absorption spectra, a 
fact which a different mechanism for X ray emission from that 
associated with visible light. 

Always assuming that the photon is emitted upon transition of a single 
electron from a level i to another level J, with frequency 

Ei -Ef 
!I = ---'-

h ' 

these mysterious properties of X rays can be explained (Kossel), snppos-
ing that snch a ray is emitted when one of the electrons in the innermost 
orbits is removed (for instance, by bombarding electrons), and subse-
quently an electron in a higher orbit falls into the orbit vyhich 
empty. 

Indeed if, for instance, a is electron is removed this way, this will be 
followed by transitions which bring down a 2p (or 3p, 4p, ... ) electron to 
the Is orbit, by emission of a photon. The energy at stake is normally 
much larger than 1 eV, and this can be understood as the 
electron feeling the Coulomb potential of the nucleus, V ('.J r' un-
screened by other electrons: its binding energy is much larger than the 
typical value of 1 Ry of the outer electrons, by roughly a factor 
The frequency of the emitted rays in this manner naturally falls in the 
typical range of X rays, for Z 2 10. For historical reasons the innermost 
orbits are called K, L, M ... orbits, corresponding to the principal quan-
tum number, n = 1,2,3 .... The associated series of spectral lines are 
called K, L, M ... also, according to the lowest energy level involved in 
the transition. Corresponding to the separation of the levels 2s, 2p there 
will be a multiplet of lines L, etc. The energy of the electron is, as in 
the case of visible spectra, related to the limit of the series, for instance 
the K series is related to the transitions 

2p --+ Is, 3p --+ Is, 4p --+ Is, ... , np --+ Is, .. . , 

so the limiting frequency of this series corresponds to the energy required 
to extract the Is electron, which can be verified to be equal to the energy 
measured by the method of electron bombardment. 

As already mentioned, the structure of the X ray spectrum is approx-
imately universal, reflecting the fact that the mechanism involves the 
innermost electrons, and hence the problem reduces to one of Coulomb 
binding. In fact, the energy levels of K, L ... electrons are well repre-
sented by the expression 

(Z -
EK = Ry, EL - -'----::-'-- Ry ... . (15.4) 

s, s' ... , represent the effect of residual screening and are approximately 
constant (in Z). Obviously s' is somewhat larger than s. The quantity 
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1 See J. C. Slater Phys. Rev. 98, 1039, 
(1955), and J. C, Slater, Quantum the-
ory of atomic structure, voL L 

Fig. 15.2 v'IEI/Ry plotted against 
Z. 

Z - 3 is called the effective charge. For example, from the levels of 
sodium in Table 15.1 one finds that 

Zeff(ls) 8.91; Zeff(2s) 4.56; Zeff(2p) 3.35. 

In Table 15.21 the experimental values for the orbitals of light ele-
ments, obtained from optical and X ray spectra. The data vlEl1 Ry 
for the innermost levels is given in Figure 15.2 as a function of Z. The 
linear behavior predicted by eqn (15.4) is well verified. The curves are 
drawn by using Table 15.2 (experimental): f{ stands for the energy of 
the Is electron; the two curves L represent the energy for the 2s and 
2p electrons, and M the electrons in the 33, 3p, 3d orbits. In the figure 
the points are the result of a numerical calculation, made with one of 
the lVIathematica programs, given in Problems for Numerical Analysis 
at the end of the chapter. The agreement is rather good. 

15.2 The Hartree approximation 
The basic properties of the spherically symmetric effective potentials are 
contained in a very intuitive model elaborated by Hartree. Classically 
one can think of an electron moving in an effective electrostatic potential 
generated by the nucleus and by the charge density of other electrons, 
and therefore a reasonable approximation to Schrodinger's equation for 
the i-th electron would be 

Z 2 J . ') 1 2 e 2 3, Plr , - -V 7Pi(r) - -7Pi(r) + e d r --7Pi\r) 
2m r Ir r'l . 

p(r) = 2:= . 
#i 

(15.5a) 
(15.5b) 

We look for solutions corresponding to a spherically symmetric potential: 
this can be achieved by considering an angular average of the electron 
motion: 

p(r') -t = J dfl.r p(r')., (15.6) 
Ir-r'1 Ir-r'l 41r Ir-r'l' 

With this substitution the solution of eqn (15.5) can be written in the 
form 

(15.7) 

and eqn (15.5) becomes a system of equations for the radial functions 
only. It is simpler to perform the average by summing over the projec-
tions of the angular momentum, instead of integrating over the angular 
variables; each electron contributes a potential 

Jd3 I -t _1_"'Jd'" 12d 1r:J2 ( ')IY; 12_1_ 
r I 'I 20 r Hn£ r lm I 'I . r-r t+l r r m 
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Z Is 28 2p 38 3p 3d 48 4p 

H 
He 2 1.81 
Li 3 4.77 0.40 
Be 4 8.9 0.69 
B 5 14.5 1.03 0.42 
C 6 21.6 1.43 0.79 
N 7 30.0 1.88 0.95 
0 8 39.9 2.38 1.17 
F 9 51.2 2.95 1.37 
Ne 10 64.0 3.56 1.59 
Na 11 79.4 5.2 2.80 0.38 
Mg 12 96.5 7.0 4.1 0.56 
Al 13 115.3 9.0 5.8 0.83 0.44 
Si 14 135.9 11.5 7.8 1.10 0.57 
P 15 158.3 14.1 10.1 1.35 0.72 
S 16 182.4 17.0 12.5 1.54 0.86 
CI 17 208.4 20.3 15.3 1.86 1.01 
Ar 18 236.2 24.2 18.5 2.15 1.16 
K 19 266.2 28.2 22.2 3.0 1.81 0.32 
Ca 20 297.9 32.8 26.1 3.7 2.4 0.45 
Sc 21 331.1 37.3 30.0 4.2 2.6 0.59 0.55 
Ti 22 366.1 42.0 34.0 4.8 2.9 0.68 0.52 
V 23 402.9 46.9 38.3 5.3 3.2 0.74 0.55 
Cr 24 441.6 51.9 43.0 6.0 3.6 0.75 0.57 
Mn 25 482.0 57.7 47.8 6.6 4.0 0.57 0.50 
Fe 26 524.3 63.0 52.8 7.3 4.4 0.64 0.53 
Co 27 568.3 69.0 58.2 8.0 4.9 0.66 0.53 
Ni 28 614.1 75.3 63.7 8.7 5.4 0.73 0.55 
Cu 29 662.0 81.3 69.6 9.6 6.1 0.79 0.57 
Zn 30 712.0 88.7 76.2 10.5 7.0 1.28 0.69 
Ga 31 764.0 96.4 83.0 U.8 7.9 1.6 0.93 0.44 
Ge 32 818.2 104.6 90.5 13.5 9.4 2.4 1.15 0.55 
As 33 874.5 113.0 98.5 15.4 10.8 3.4 1.30 0.68 
Se 34 932.6 122.1 106.8 17.3 12.2 4.5 1.54 0.80 
Br 35 993.0 131.7 115.6 19.9 13.8 5.6 1.80 0.93 
Kr 36 1055.5 142.0 124.7 22.1 15.9 7.1 2.0 1.03 

Table 15.2 The energies of different orbitals, (absolute value is in Rydberg) found 
from optical and X ray spectra. 

By using the identity 

LIYtm(flW == m 
one obtains the Coulomb potential due to a spherically symmetric dis-
tribution of charge, 

J d3r' _1_. 
41l' Ir - 1".1 (15.8) 
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interchanging the order of integra-
tions eqn (15.10) can be seen to be 

to 

1 lnT 100 p2 (t) + dt -".L. . 
TOr t 

By using the well-known multipole ex-
pansion for 1/11' - I"l (for instance, 
eqn (22.108)), these two terms are seen 
to be just. the contributions from r' < r 
and r' > 1', respecth'ely: of eqll (15.8). 

3 Below it will sometimes be necessa.ry 
to distinguish the sum over the parti-
cles from the sum over the orbitals. We 
sha.ll use i, j ... , for the particles, re-
serving the letters a, b . .. ) for the 01'-

bitals. 

The charge contained within a shell of radius l' is 

Q(1') 1 = r dxP;£(x) , 
r'<r ·17r Jo 

(15.9) 

where Pn£ is the reduced radial function: Rn£ Pne/r. The radial 
electric field associated with the charge (15.9) is Q(T)jr2 and the corre-
sponding potential which vanishes at infinity is2 

100 Q(s) 100 
1 1S 

2 ds -2 = ds 2: dt Pnl(t). 
r S r S 0 

(15.10) 

We then have an equation for each orbital. Passing to radial coordinates 
and using atomic units m = l,e = 1, eqn (15.5) takes the form 

+ (Ra(Ra + 1) Pa(1') (15.11) 
21'2 l' 

+ (I>b Vt,(1') + (qa l)Va(r)) Pa(1') = caPat-r) . 
bi'a 

where qa stands for the number of the electrons in the a orbit.3 

For example for carbon which involves three shells (Is), (2s), (2p) , sys-
tem (15.11) can be written as 

- + (VIS + 2V2s + 2V2p ) PIs(1') clsPIs(1'); 

+ (2V1s + V2s + 2V2p) P2s(r) c2sP2s(1'); 

+ - np2P(1') + (2V1s + 2V2s + V2p)P2p(1') = c2pP2p(1') . 

Equation (15.11) is a system of integro-differential equations (the un-
known functions enter the potential) which can be solved numerically 
by iteration: one starts from an initial estimate for Pnf , which for in-
stance can be taken to be hydrogenoid wave functions. We calculate the 
potential in terms of these wave functions on the right-hand side, and 
then solve the linear equations. With the solutions obtained, we calCll-
late the potentials again, which are then used on the right-hand side, to 
obtain a second approximation for the wave functions, and so on. In a 
few steps we find a stable solution for the system. 

A subtle question concerns the definition of the energy levels. In a nor-
mal separable Schr6dinger equation the eigenvalue of the total Hamilto-
nian is the sum of the energies of the single particles, but here eqn (15.5a) 
is not the usual Schr6dinger equation (not even linear), as the wave func-
tions play a double role, both of solutions and at the same time of the 
source of the potentials. Multiplying eqn (15.5a) by 1/Ji (normalized) 
and integrating one gets 

/ p2 
\2m 

Ze2 
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The second term of the left-hand side is the interaction of the charge 
distribution in the potential generated by other electrons. If we now sum 
over all the electrons and write Vi explicitly this contribution produces 

The interactions between each pair appears twice: once when the 
i-th electron moves in the field created by the j-th electron, and vice 
versa, thus leading to twice the potential energy. In conclusion4 

, 
(15.12) 

The "cnse of eqn (15.12) is in fact that of considering the expectation value 
of the full Hamiltonian (15.1) in a state represented by the factorized form. 
As H = Ho + HJ this would be equivalent to a first-order calculation if the 
potentials Vi were ordinary external potentials. 

Taking into account the fact that the radial waw:: functions are identical for 
electrons in a given orbital, the sum over the particles can be substituted by 
a sum over the orbitals, and one has 

where qa is the quantum number of the electrons in the orbit a, qa(qa -1)/2 
the number of pairs of electrons in the orbital, [.0. the expectation value of 
the single-particle operators, and Uab the expectation value, averaged over the 
orientations £z, of the pairwise potential. 

From eqn (15.11) it follows that, by multiplying each equation by qaPa and 
integrating 

(15.14) 

1 "" 1 "" 1 E+ '2 L...qaqbUab + '2 L...qa(qa -1)Uo.a == E+ 2' L... piVi, 
a,pb a i 

confirming the result, eqn (15.12). 

15.2.1 Self-consistent fields and the variational 
principle 

The Hartree equation (15.5a) can be obtained from a variational prin-
ciple, which clarifies the meaning of the self-consistent field. Suppose 

4 This a.dditional factor of is exa.ctly 
the same as the one in the classical 
formula for the energy of an induced 
dipole, where d (1E, while 
the energy of a permanent dipole is sim-
ply 
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5 Here and below, we shall use al-
ways the atomic unit, unless otherwise 
stated. 

that we want to approximate our N-body problem (here the atom) by a 
system described by N independent electrons in a mean external field. 
What provides the best approximation? If the particles are independent 
the wave function can be written in a factorized way: 

(15.15 ) 

ik is an index describing the states in the field which is still to be found, 
qk stands for all of the orbital variables and of spin of the k-th particle. 
Equation (15.15) does not take into account Pauli's principle, and is 
incompatible with quantum mechanics, but this will be remedied below. 

We know that the of Schrodinger's equation are the solu-
tion of a variational principle (see Chapter 10), and therefore eqn (15.15) 
can be interpreted as a restriction on the space of the functions over 
which the variational method is applied. In other words, the best field 
for our problem capable of generating a wave function of type (15.15) is 
the one defined by the variational principle, restricted to such functions. 

Given Hamiltonian (15.1) one has5 

(\lfIHI\lf) I; 11/;; - 1/;i 

+ L: I, . 
2<J q,q 

(15.16) 

According to the variational principle in eqn (15.16) we vary the func-
tions 1/;i subject to the constraint II1/;ill 1, which can be imposed by 
use of a Lagrange multiplier, 

o. (15.17) 

Performing the variation, one obtains 

(15.18) 
Ti 

which coincides with eqn (15.5), the spin-dependent part of the wave 
function being factorized does not play any role. The variational prin-
ciple then says that among all possible fields the optimal one is 

The "energy" Ci appears here as a Lagrange multiplier. A calculation 
identical to what has led to eqns (15.12) and (15.14) shows that the 
expectation value of H thus defined is just that quantity called E in 
those formulas. 

The approximation of a spherically symmetric effective potential is a 
special case of eqn (15.18) obtained) as we have already seen, by aver-
aging over the angles. The variational principle suggests another way to 
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get to the same result: if we are looking for a spherically symmetric field 
. the wave function must be of the form of eqn (15.7), with a factorized 
radial part; we can then insert it directly into the variational expression 
and obtain the equation for the radial functions. This point of view is 
what will be adopted in the derivation of the Hartree-Fock equation. 

15.2.2 Some results 

The eigenvalues £" a in eqn (15.11) are, approximately, the binding energy 
of the electrons and so must be compared with the data in Table 15.2. 
As an example, we list in Table 15.3 some values calculated6 made by 
our programs dedicated to the Hartree equation. 

Z Is 2s 2p 3s 3p 3d 48 4p 

Li -4.99 -0.35 
Be -9.50 -·0.58 
B -15.49 -0.89 -0.45 
C -22.84 -1.21 -0.61 
N -31.55 -1.57 -0.75 
0 -41.63 -1.97 -0.90 
F -53.11 -2.40 -1.07 
Ne -65.97 -2.87 -1.25 
Na -81.27 -4.35 -2.44 -0.33 
Ar -237.13 -22.20 -17.84 -1.91 -0.84 
K -266.80 -26.28 -21.54 -2.69 -1.47 -0.26 
Zn -706.14 -84.61 -75.59 -9.33 -6.23 -0.99 -0.54 

Table 15.3 Electron energies in Rydberg, calculated in the Hartree approxi-
mation. . 

The comparison between the two series of results is quite encouraging. 
The experimental results are reproduced within 5-10%, which, given the 
scheme, can be considered satisfactory. In any case the important point 
is the qualitative aspect: the approximation of the central field captures 
the gross structure of the levels. 

Another feature to be underlined is the confirmation of the sequence 
of the filling pattern of the d levels. As an example, the graphs of 
the wave functions 48 and 3d for zinc are shown in Figure 15.3. One 
can see how the 3d wave function corresponds to a distribution more 
interior than that of 48, as expected. As another example consider 
potassium, K, with an external electron structure 3p648. From the result 
of calculations in Table 15.3 the energy of the 48 electron is -0.265 Ry. 
Calculation of the energy of the electronic configuration 3p63d, instead, 
gives E3c! = -0.113 Ry, that is, higher. Actually, we must verify that 
the total energy is smaller in the case of 48 as compared with the case 
of 3d: this can be verified numerically but the major contribution to the 
difference of the energy comes from terms related to Pauli's principle; 
we shall come back to this later. 

In Figure 15.4 the effective potentials for the 3p and 3d electrons 

GFor a discussion of the numerical anal-
ysis and for the programs. see the 
Mathematica notebooks given in the 
accompanying CD. 
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orbital 4s 

orbital 3d 

are shown. Note the relatively shallow potential for the 3d orbital. The 
position of the well approximately determines the region where the wave 
function is appreciably different from zero. For the 3p orbital the well 
is obviously much deeper, and shifted towards smaller values of 1': it 
describes an electron bound much more tightly and in the interior region. 

As a final example we calculate the levels of sodium in the Hartree 
approximation. Using the numerical program given on CD accompa-
nying this book the reader can convince her- or himself self that the 
energy level of the external electron can be calculated in two ways: ei-
ther by making the calculation ab initio, or by keeping the closed core 
ls22s22p6 fixed and solving the equation for the peripheral electron. We 
find compatible results. This confirms the intuitive idea that in a first 
approximation, a filled core is a closed shell, around which the exterior 
electrons orbit. 

Table 15.4 summarizes the results obtained keeping the "core" 

6 8 
fixed: they must be compared with the experimental data in Table 15.1. 10 
Also in this case there is a qualitative agreement and the goodness of 

Fig. 15.3 Wave functions for the 
orbitals 4s and 3d of zinc 
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Fig. 15.4 The effective potentials 
for the orbits 3p and 3d of zinc. 

Rydberg's formula, eqn (15.3). 

Orb. E 0 Orb. E 0 Orb. E 0 

Is -81.270 2p -2.440 3d -0.111 0.001 
2s -4.350 3p -0.193 0.725 4d -0.063 0.002 
3s -0.325 1.245 4p -0.093 0.713 5d -0.040 0.002 
4s -0.131 1.235 5p -0.054 0.708 6d -0.028 0.002 
5s -0.070 1.232 6p -0.036 0.706 7d -0.020 0.002 
6s -0.044 1.231 7p -0.025 0.705 8d -0.016 0.002 
7s -0.030 1.230 8p -0.019 0.705 9d -0.012 0.002 

Table 15.4 Energy levels of sodium and the corresponding defects in the 
Hartree approximation 

15.3 Multiplets 
To take the next step in refining our treatment of atomic structure, it is 
necessary to take into account the first relativistic corrections, and study 
how the degeneracy we found above in the central field approximation 
is removed. The total Hamiltonian for an atom, including relativistic 
corrections will have the form 



pf Zf!,2 

2m rj 
The relativistic correction Hrel contains spin-orbit interactions of the 
form f . s as well as magnetic spin-spin interactions. As before we have 
separated the part corresponding to the central field approximation as 
HOI the "perturbation" term being given by Hee + Hrel . 

In the central field approximation, we found that the atomic states 
corresponding to a given electronic configuration had a characteristic 
degeneracy, dg. This degeneracy is removed when the non-central cor-
rections are taken into account; the resulting atomic level structure is 
known as multiplets. 

The non-centrally-symmetric perturbation consists of two parts, the 
static electric repulsion terms Hee and the relativistic corrections Hrd· 
Two extreme situations occur when one of these terms dominates over 
the other. The average velocity of the electrons increases with and 
for light atoms the electrostatic repulsion terms turn out to be t.he main 
contribution, while for heavier elements the two contributions are of the 
same order of magnitude. The two cases require two different strate-
gies for the diagonalization of the Hamiltonian: Russell-Saunders (also 
known as LS) coupling in the first case, for the light elements, and the jj 
coupling for heavier elements. In this section we shall be mainly dealing 
with the first case. 

15.3.1 Structure of the multiplets 
We first neglect Hrel and the Hamiltonian is then 

(15.19) 

H is invariant under rotations and so commutes with the total angular 
momentum L, and being independent of the spin, commutes with the 
total spin S also. We can thus take H,L2,Lz,S2,Sz as the maximal 
set of observables that characterize each state. For a given electronic 
configuration (i.e., for given radial quantum numbers ni, and for fixed 
£i) rotational invariance ensures that each level is characterized by L, S, 

E = E( 0:, L, S) , 

and each of these levels have a residual degeneracy, (2L + 1)(2S + 1). 
These degeneracies might be removed by applying external fields. 0: is 
an additional index for distinguishing levels with the same L, S. 

Obviously, for a given degeneracy dg of the electronic configuration 
we have 

dg = 2:)2L + 1)(2S + 1). 
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This immediately suggests how to find the levels and states: it suffices 
to diagonalize L2, 52, Lz, 5z ; if there is no residual degeneracy we shall 
have the eigenstates of H; otherwise, we must further diagonalize in the 
space of the degenerate levels. 

Remarks 

• Conservation of the quantum numbers L, 5, Lz , Sz is an exact 
property of the full Hamiltonian, eqn (15.19): it does not depend 
on taking the electronic configuration as the zeroth-order approx-. 
imation. In the case of mixing of configurations, one can take 
the distinct configurations (giving rise to the same L, 5, Lz , 5z) as 
labeling the zeroth-order states. 

• Another exactly conserved quantum number is parity. If we start 
with a given electronic configuration it can be written as 

P (-1)£1+"{». 

Note that, in general, E gi -1= L. 
• In the following we shall consider a single electronic configuration 

to construct various states (L, 5, Lz , 5z ) so parity is automatically 
assigned. In the case of mixing, only states with the same parity 
will mix to form the eigenstates of H. Furthermore, when a level 
is resolved into multiplets due to the electrostatic repulsions, as 
we shall see below, all the members of a given multiplet have the 
same parity: this in particular implies that the dipole transitions 
among them are forbidden. 

In the next section we shall see that the global quantum numbers 
L, 5, Lz , 52 depend only on the electrons in incomplete shells; therefore 
the problem is to determine which values of L, 5 can be formed by these 
electrons via the addition rule of angular momentum and spin, taking 
into account Pauli's principle. 

For inequivalent electrons, for instance in an excited state of carbon, 
ls22s22p3p, there are no problems: the possible values of L, 5 are found 
by applying the usual rule, the orbital wave functions of the two in-
equivalent electrons being distinct. Pauli's principle just tells ).Is that 
the orbital functions must be symmetrized or antisymmetrized, accord-
ing to the symmetry property of the spin wave function. Thus as the 
two electrons both have g = I, s ! the possible values of (L,5) are 
L ::::: 0,1,2, 5 = 0,1. For instance the state L = 0,5 ::::: l,5z 1 will 
have the form, 

(15.20) 

where the antisymmetrization is realized by the radial part of the wave 
function. As a check, let us compute the total number of states: two 
inequivalent electrons in p will have a total of 6 x 6 36 possible states. 
Each level with a given L has four states corresponding to spin states, 
a singlet 5 = 0 and a triplet 5 = 1, for a total of 

I: 4· (2L + 1) ::::: 4 x 1 + 4 x 3 + 4 x 5 =::: 36 



states, as expected. The Hamiltonian is diagonalized in this basis, and 
the original level split into different multiplets 

ID 3D 1p3p 1S3S ) ) ) i , • 

In general, the notation 

2S+IA A=S,P,D,F,G,.. forL=0,1,2,3,4,5 ... 

is used to indicate each multiplet. 
In the case with equivalent electrons the situation is more complicated, 

as Pauli's principle excludes some of the combinations. For instance the 
state (15.20) would identically vanish if the principal quantum numbers 
of the two electrons were the same, and consequently the multiplet (L 
0, S 1, Sz 1) would not exist. 

To construct all the possible states we proceed in order. For two 
equivalent electrons in the 8 orbit, n 82, there are no problems: the only 
possible combination is the spin antisymmetric state, and hence the only 
possible multiplet is 1 S. 

In the case with higher angular momenta the simplest way to proceed 
is to write the states and list the possible ways to occupy them. Let us 
consider, for instance, the case of two equivalent p electrons. The six 
possible single-particle states are (showing the quantum numbers m, s): 

01,(1) . 01,(2) • 01,(3) . .1,(4) . .1,(5) . .1,(6) 
'fI(!.!)' 'fI(_q)' 

We then write the possible ways to occupy them, marking the eigenvalues 
of Lz , Sz (restricting ourselves to non-negative eigenvalues: those with 
negative eigenvalues can be immediately found from those with positive 
eigenvalues) ; 

qJ(1,2) = II, I}; qJ(1,3) = 10, I}; qJ(l,4) 12,O}; qJ(1,5) == 11,O}; 

qJ(2,4) = 11,0); qJ(2,5) 10,O}; qJ{1,6) = 10,O}, qJ(3,4) 10,O} . 

Consider first the state with Lz = 2. This state has a unique value for 
Sz = 0, and therefore S 0 (and L = 2): it is the multiplet 1 D. One 
of the states 11,0) and one of 10,o} serve to complete this multiplet. Of 
the remaining five states, four are members of 3 P. The last remaining 
10,0) state must form its own multiplet, IS. 

As an exercise, for three equivalent p electrons the possible states are 

qJ{1,2,4) == 12 1). qJ(1,3,4) 11 1). qJ(I,2,3) 10 2). qJ(1,2,5) -11 1). 
'2' '2' '2' - '2' 

q)(1,2,6) = 10, fr); qJ(1,3,5) = 10, fr}; qJ(2,3,4) = 10, . 

They are members of three multiplets: 4 S, 2 D, 2 P . 
Proceeding this way, and remembering that holes are equivalent to 

electrons in constructing the multiplets (L, S), we arrive at the results 
in Table 15.5 below. 

The prefactors [2] (or [3]) which appear in Table 15.5 starting from 
the d3 configurations indicate that there are two (or three) multiplets 
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p, p5 2p 

p2, p4 IS, IDi 3p 

p3, 2p, 2D i 4S 

d, d9 2D 

d2 , d8 IS, ID, ICj 3p,3F 

d3 , d7 2p, 12j2D, 2F, '1], 2H 4p,4F 

d\ d6 [2] IS, [21ID, IF, [2]IC, II [2]3p, 3D, [21 3F, 3C, 3H 5D 

d5 2S, 2p, [312D, [212F, [2J 2C, 2H, 21 4p, 4D,4F, 6S 

j,l3 2F 

j2, jl2 II, IC, ID, IS 3H, 3F,3p 
.. 

Table 15.5 Multiplets 

of those quantum numbers. A more complete table can be found in the 
book Quantum theory of atomic structure by Slater, and similar tables 
can be generated by using the symbolic programs given in the present 
book's accompanying CD. 

To each multiplet there corresponds an atomic level. The electrostatic 
repulsion potential has split the degenerate levels present in the spec-
trum of Ho into sub-levels having definite L, S. As can be verified in 
Table 24.3 given at the end of the book, the energy differences among 
various multiplets are of the order of 104 nc/cm c::: 1.2 eV, in agreement 
with what is expected from an electrostatic perturbation of the order of 
e2/rB. 

The degenerate levels in a multiplet are finally split by the relativis-
tic corrections (of which one is the spin-orbit interaction discussed in 
Section 15.6; the other corresponds to the spin-spin interaction). The 
resulting structure of the atomic levels is known as fine structure. Each 
single sub-level is characterized by L, S and the total angular momentum 
J, and denoted by a symbol of the type 

2S+1A J, (15.21) 

which is called the spectral term. The states of an atom are thus deter-
mined by the electronic configuration, together with the global quantum 
numbers, eqn (15.21). For instance, the ground states of some of the light 



elements are as follows: 

He: 182 ISO; 
Na: 282 2po 38 2S . 1/2, 
CI: 282 2po 382 3p5 2S1/ 2; 

Ar: 282 2p6 382 3p6 lS0; 

Fe: 182 282 2p6 382 3po 3d" 482 5D4 ; 

etc. The only degeneracy which survives is the 2J + I-fold degeneracy 
related to the conservation of total angular momentum, corresponding to 
the states Jz = J, J 1, ... , -J. A detailed discussion of fine structme 
and hyperfine structure of the hydrogen atom was given in Section 2l.2. 

Two equivalent electrons in generic orbital 

Consider two equivalent electrons in a generic £ orbital. Consider the 
state with {to = £, £z £} which is necessarily the state with the largest 
L, L 2£. The orbital wave function is necessarily symmetric (even) 
and Pauli's principle requires that the spin must in an anti symmetric 
state (S = 0). The orbital state L = 2 € - 1 and 2 € - 1 is nec-
essarily antisymmetric, as it must be orthogonal to the state L 2 €, 
L z = 2 € 1, which is symmetric. Thus for the states L = U 1 the as-
sociated spin wave function must be symmetric: S = 1. Repeating these 
considerations for other values of L we arrive at the general conclusion 
for the allowed values of (L, B): 

L+ Seven (15.22) 

Hund's rule 

An empirical fact, which can be justified by a numerical calculation, is a 
rule known as Hund's rule. It states that the ground state of the atom 
corresponds to the multiplet with the highest value of the total spin S, 
and among the multiplets with the same value of S, the one with the 
largest possible L. We remark that such a rule obviously holds only for 
the ground state. 

Intuitively, the state with the maximum spin has a spin wave function 
as symmetric as possible; the orbital wave function must then be maxi-
mally antisymmetric and the electrons tend to occupy space regions as 
separate as possible. In this way the Coulomb repulsion is minimized 
and the energy is lowered. 

Configuration mixing 

It is important to know the extent to which the discussion so far applies. 
Let us think in an abstract fashion that one has all possible single-
particle solutions, and that one constructs the eigenfuctions of Ho, Wk 
(see the Section 15.4). AB these form a complete set of functions the 
exact solution of Schrodinger's equation for n electrons can be written 
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as 
(15.23) 

Up to now we have considered only a small subspace of solutions, of 
dimension dg corresponding to a given electronic configuration. The 
Hamiltonian H will in general have non-vanishing matrLx elements among 
states with different electronic configurations, which means that wave 
function (15.23) can be written as a "sum over configurations". For 
instance, the ground state of carbon will have a more general form, 

If the Hartree approximation, or the Hartree-Fock approximation, which 
we are going to study below, is a good approximation, it means that the 
coefficients el, ... , are small. But if one wants to calculate the atomic 
levels to great precision these coefficients must be calculated. The ex-
istence of such a mixing, together with the spin-spin coupling, has an 
important qualitative consequence: it helps explain some electromag-
netic transitions which would otherwise be forbidden. 

15.4 Slater determinants 
As has already been emphasized, an important ingredient in the quan-
tum mechanical analysis of atomic structure is the Pauli's principle. In 
this section we analyze how, starting from single-particle states, com-
pletely antisymmetric states can be constructed: it makes use of Slater 
determinants, already encountered in Chapter 5. 

The single-particle Hamiltonian (15.2) does not explicitly depend on 
spin. The solution of Schrodinger's equation for a single particle in a 
central field therefore has the form 

(15.24) 

The electron carries spin!, and hence the quantum numbers needed to 
describe the state completely are the ones listed in eqn (15.24): n is the 
principal (radial) quantum number, f the orbital angular momentum, m 
the eigenvalue of fz, and s the eigenvalue of Sz. n stands for the variables 
e,rp, whereas (J stands for the spin variables, Xs is the spin wave 
function. For instance, if s = ± indicates the spin components, 

x- = . 

The electronic configuration is determined by the values n, f, the various 
wave functions corresponding to the quantum numbers fz, Sz. 

In the zeroth-order approximation, H = Ho, the wave function of N 
electrons can be obtained from the Slater determinants, constructed as 



the antisymmetrized products out of the single-particle wave functions: 

tPa,(Ql) tPa,(Q2) 
w = tPa2(Ql) tPa2(Q2) (15.25) 

tPaJQ1) tPan(Q2) 

ai are the states and qi are the variables of the N particles. For a single-
particle wave function in a central field, tPai (qi), ai stands for {n f m s}. 

From the structure of the Slater determinant, it is easy to see the 
following properties: 

Property 1. The state corresponding to a closed shell has the qlJan-
tum numbers (L, S) == (0,0). 

In a completely filled shell, all possible single-particle states corre-
sponding to the given electronic configuration are occupied, and con-
sequently a unique Slater determinant describes this state. Thus each 
possible value of mi appears once, and hence L mi == 0 and Lz/w) = O. 
Act on this state with L+ = 2::f+, where the summation is over the 
particles. Each f+ acting on one of the electrons either annihilates the 
state (if mi = f i ) or raises mi by one so that the same value of m now 
appears twice. Now two rows of the determinant become identical and 
the determinant vanishes. For the same reason the action of L_ 2:: L 
annihilates the state. A state annihilated by both L+ and L is a state 
with L O. The same reasoning applied to the spin shows that it is a 
state with S O. 

Property 2. The rotational properties of a Slater determinant depends 
only on the electrons in partially filled shells. 

This is a simple application of the preceding result, and is a conse-
quence of the distribution property of the operators. When L acts on a 
closed shell it yelds zero while when it acts on an incomplete shell it gen-
erates a linear combination of Slater determinants corresponding to the 
same electron configuration. In other words, the set of Slater determi-
nants associated with a fixed set of quantum numbers of an incomplete 
shell form an (in general, reducible) representation of the rotation group. 
Which angular momenta appear depends on the usual addition rule of 
angular momentum and Pauli's principle. 

Property 3. The transformation property of a configuration with Nl 
external electrons is equivalent to that of a configuration with No - Nl 
external electrons, where No stands for the number of electrons in the 
complete shell. 

This property follows from the first two discussed above. Instead 
of indicating the orbitals occupied by the electrons we can specify the 
empty orbitals. Thus in the case of a p5 state, instead of specifying the 
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states of five electrons it is sufficient to indicate the hole (the empty 
orbit) to get to the same result. The set of possible hole states also 
forms a representation of the rotational group; they are equivalent to 
those formed by the electrons, and there is a unique correspondence 
between the two possible ways to describe the same states. 

As an explicit example, consider carbon with the electronic configura-
tion 182 282 2p2. As a p shell has six possible states, there are m = 15 
ways of choosing the two states occupied by the outer electrons. There 
are 15 Slater determinants (atomic states) in this case. For installce 
if the external electrons occupy (1, (1, or (1, the 
respective states are 

RlOh)YoOX+(Ul) 
R1o(rJ)Yoox - (Ul) 

1J1
1 

- R20(rI)Yclox+(uJ) 
- RZO(rl)Yoox -(u1) 

RzI(rl)Yllx-duJ) 
R21 (n)Yux - (uI) 

RIO (r2)YooX+ ( 0"2) 
RlOh)Yoox - (0"2) 
R20(r2)YooX+(U2) ... 
R2o(r2)YOOX- (0"2) 
R21(r2)Yll X+{0'2) ... 
R21 (rz)YllX - (0'2) 

RlOh)YooX+(O-6) 
RlohlYoox - (aG) 
R20 (rG)YooX + (au) 
R2o(T6)YooX - (O-G) 
R2J(T6)YllX + (ao) 
R21 (rG)YnX - (aG)1 

1J1 2 = 

RlO (rJ}YooX-r (O'I! 
RlOh)Yoox-(O'J) 
R20(rJ)YoOx+(uJ) 
R2o(rdYoox - (0"1) 
R21 (n)Yllx+ (UI! 

R21h)Y'i-1X-(0'1) 

RlO(r2)YoO X+(Uz) 
RlOhlYoox-(a2) 
R20(r2) YooX +(a2) 
R2o(r2)Yoo X - (a2) 
R21 (r2)YllX+( (2) 

RZ1 (r2)Yl-lX - (0"2) 

RlO(r6)l'Oox +( (6) 
RlO(r6 )YooX - (aG) 
R20(r6)YooX + (a6) 
R20(r6)Yoox - (U6) 
RZ1 (T6)Yllx+(a6) 

RZI (T6) Y1-1X - (0"6) 

Remarks 

(1) If dg is the degeneracy associated with a given electronic configu-
ration, the calculation of the energy eigenvalues will be a typical 
problem of degenerate perturbation theory, with a dg x dg matrix: 
associated with such a configuration. 

(2) The Slater determinant is the product of single-particle wave func-
tions, antisymmetrized "'ith respect to exchange of particles. As a 
result of such an antisymmetrization, it will not be an eigenstate 
of £z or Sz of single particles. For instance, for a p2 state with 
(£z, sz) = (0, 

IJ! _jR{rt)Yil(1'h)x+(O'l) R(r2)Yn(1'h)x+(0'2)I 
- R{rt)YlO (il1)x+(0'1) R(r2)Y10 (il2)x+ (0'2) 
= R(rl)R(r2)x+ (0'1)x+ (0'2) [Yn (il1)YlO(il2) - YlO(ildYil(il2)] , 

and the action of yields 

= R(rl)R(r2)x+(0'1)x+(0'2)Yil (il1)Yio(il2) , 

which is not proportional to IJ!, although, naturally, it is an eigen-
state of £z + £12

), as can be readily checked. In general, such 
a situation is a consequence of the fact that the physical states 
belong to particular space, A(£N), whose basis is the set of com-
pletely antisymmetric states, and not simply the space £N. 
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(3) As we have already noted, each Slater determinant is in general 
not even an eigenstate of 

S = SI + ... SN . 

It will be seen that it is possible to diagonalize L2, LZl 52, 5z in 
terms of suitably chosen linear combinations of the Slater deter-
minants; such a step will be important in the classification of the 
spectrum. 

15.5 The Hartree-Fock approximation 
Starting with a set of single-particle wave functions, with the method of 
the preceding sections, we constructed the Slater determinants, which 
have the correct quantum numbers (L,5). They can be regarded as a 
first approximation of the wave hmctioll of the atom. Fbr instance, the 
solution of Hartree's equations, 1fJ;, can be taken as the zeroth order 

. single-particle wave functions. 
A further refinement in the analysis of atomic structures is due to 

Hartree and Fock. A Hartree-Fbck approximation makes use of the 
central fields already discussed, but with wave functions which are con-
structed in terms of the Slater determinants. Pauli's principle is incor-
porated from the beginning in this approach. 

Let us start with a simple case: let us try to describe a system with a 
single Slater determinant, 'II, made from the products of single-particle 
wave functions, 1fJa(qi). What is the best choice for the single-particle 
wave functions? The answer can be found by considering the whole 
question from a variational point of view: among the class of functions 
which has the form of 1ji) the best choice is the one for which the energy 
is minimized. Let us for simplicity consider a set of orthogonal functions, 
so that the constraint of normalization can be written by use of a set 
of Lagrange multipliers, ci(ll1fJiI1 2 - 1); the variational principle tells us 
that 

o. 

The Hamiltonian has the following operatorial form: 

H LIi+ L9ij, 
i<j 

where Ii are operators acting only on the variables of a single particle, 
and gij contains the interaction terms between the two particles, i, j. 
For instance they can be of the form 

1 2 Z Ii = --2Vi - -; 
'f"i 

The matrix element of the Hamiltonian H can then have the form, 

(wIHIW) = L(ilfli ) + L ((ijlglij) - (ijlglJi)) . (15.26) 
i<j 
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7 In eqn (15.26) the summation is over 
the states which com pose the determi-
nant \II. By Pauli's principle there is 
one state per particle so it is equivalent 
to summing over the particles. 

More7 explicitly, 

(ii/Ii) = lW;(q) 'l/ii(q) : (15.27a) 

(ijjg\ij) - (ijlglji) == 1 1_\ 'l/ii(ql)'l/ij (q2) 
qlq2 Xl - X2 -1 'I/i;(ql)'l/ij(qZ)-1 _1_

I
'l/ij(Ql)'l/ii(q2)' (15.27b) 

q,q2 Xl X2 

q stands for the coordinates as well as spin, the integration symbol means 
space integrals as well as sums over spin variables. The first term of 
eqn (15.27b) is called the direct term, while the second term is referred 
to as the exchange term, or exchange integral. 

By using eqn (15.27) we see that the variational equation, with respect 
to Wi(q), takes the form 

€i'l/ii(q) := 'l/ii(q) (15.28) 

+ L 1 [Wj(ql)-I _l-n'l/ij(ql)'l/ii(q) - 'l/ij(q')-I II'l/ii(ql)'l/ij(q)] . 
#;ql XXI xx 

We note that in the exchange term, the unknown function 'l/ii appears 
under the integration symbol. In the summation over particles, the term 
i = j can be included, as it cancels out between the direct and exchange 
terms. 

Equation (15.28) constitutes an eigenvalue problem of a system of 
integro-differential equations, and these are the Hartree--Fock equations 
for a single Slater determinant. Numerical solutions for this equation are 
given in the Problems for numerical analysis at the end of this chapter. 
For now we note some of the properties of this system of equations. 

Exchange term 

The Coulomb interaction in the exchange integral gives 

'l/ij(ql)-I -l-'I'l/ii(QI) : x-x 
it is independent of spin. The integral is therefore proportional to the 
simple product of the spin wave functions, 

LX:j(al)xSj(a' ) == "SiSj ; (15.29) 
".1 

in other words, the exchange term vanishes for orbitals with different 
eigenvalues 8z: only for the two particles with parallel spins does Pauli's 
principle give rise to an additional interaction term. 

Orthogonality 

We have not explicitly discussed the orthogonality condition among the 
functions 1f;i, but this is a consequence of system (15.28). As in the usual 
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proof of the orthogonality of eigenfunctions, we multiply the equation 
for '¢i by'¢; and the '¢j equation by '¢i, and subtract term by term the 
complex conjugate of the second from the first. We find that 

and therefore the eigenfunctions corresponding to different eigenvalues 
are orthogonal to each other. 

Eigenvalues Ci 

The Lagrange multipliers Ci have the interpretation as the extraction 
energy of the i-th electron. Let us number the particles so that the one 
we are interested in is the N-th electron, multiply the associated equa-
tion (15.28) by '¢'Jv(q), and integrate. Using the notation in eqn (15.27) 
we get 

CN (NlfIN) + L ((jNlgljN) (jNlgINj)). (15.30) 
j<N 

The energy of N particles is given byeqn (15.26) (call it UN): isolating 
the part depending on the N-th particle, it is possible to separate the 
energy of N 1 particles and the remaining part: 

UN = UN-l + (NlfIN) + E (UNlgUN) - (jNlgINj)) , 
j<N 

that is, formally, 
CN = UN UN-1' 

Suppose now that, in a first approximation, extraction of the N -th parti-
cle leaves the other wave functions approximately invariant. Then UN-1 
is indeed the energy of the system of N -1 particles, and C N is the energy 
for extracting the N-th particle. This assertion, which is approximately 
valid, is known as Koopman theorem. (Koopman's theorem is more than 
this, but this will be discussed in Supplement 22.7.11.) 

Now multiplying eqn (15.28) by '¢i(q) and integrating and summing 
over the particles, one finds that 

L Ci L (ilili) + L ((ijlglij) - (ijlgUi}) 

= (wIHlw) + L ((ijlglij) (ijlglji)), 
i<j 

that is 

E = (wIHlw) L Ci - L ({ijlglij) (ijlgIJi}). (15.31) 
i<j 

AB in the case of the Hartree approximation, the second term in eqn 
(15.31) describes the correction to first order in perturbation theory, 
with respect to the independent-particle approximation. 
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15.5.1 Examples 

To see how the Hartree-Fock (HF below) approximation works let us 
study a few simple examples in this section. The relatively simple form 
of the HF equation (15.28) is valid in the case of a closed shell, with a 
unique Slater determinant, or in the case of only one outer electron (as 
we shall see in this case the multiplicity due to spin or orbital angular 
momentum does not present a problem). 

Let us start with helium in the ground state configuration, 182. The 
unique Slater determinant is 

The two electrons are in a spin-singlet state, and therefore by virtue of 
eqn (15.29) there are no exchange terms in the HF equation. It is easy 
to compute 

and the variational principle yields the Hartree equation, 

A more interesting case is that of an excited state of helium, 182s. 
We know from the general discussion of Section 15.3 that there are two 
possible spectral terms, the spin triplet 3 S and the singlet, 1 S. Let us 
see in some detail how these states come about, and how the electron-
electron interactions split these two levels. 

There are four Slater determinants: 

Wl - _1 I 1/!ls (xd 1+) 1/!lS(X2)1+)II' W2 = _1 11hs(Xdl-) 1/!lS(X2)1-)I· 
- J2 1/!2s(Xl)I+) 1/!2s(X2)1+) , J2 1/!2s(Xl)I-) 1/!2s(X2)1-) , 

W3 - l1/!lS(Xl)I+) 1/!lS(X2)1+)I· W4 __ 1 l1/!lS(Xl)I-) 1/!lS(X2)1-)I 
- J2 1/!2s(Xl) 1-) 1/!2s(X2) 1-) , - J2 1/!2s(Xl)I+) 1/!2s(X2) 1+) . 

Obviously the states Wl and W2 correspond to the two states of the 
triplet with Sz = 1 and Sz = -1 respectively; W 3 and W 4 are linear 
combinations of the two states with Sz = 0, one in the triplet and the 
other in the singlet. Let us consider the HF equation for W 1. Equa-
tion (15.28) gives, after multiplying it by the spin wave function and 



15.5 The Hartree-Fock approximation 431 

simplifying 

f1s1/l1s(x)x+(a) 1/!1s(x)x+(a) 

+ L Ix 1 xii 

1/1;8 (a l )1/!1s(X/)X+ (a /)1/!2s (x)X + (a)) . 

By summing over a' and with a further simplification we find that 

c1s1/l1s(X) == ( - V2 1/115 (x) 

+ L Ix 1 xii (l1/!2s(x')1 21/!18(X) -1/!;s(X')1/!1S(X/)1/!2S(X)) ; 

c2s1/l2s(X) == ( V2 - 1/!2s(X) 

+ L Ix 1 xii (11/!1S(X/ W1/l2S(X) 1/!;s(X/)1/!2S(X')¢lS(X)) 1 

where the equation for 1/!2111 which can be obtained in the same way, 
is also written. Suppose that these equations have been solved. The 
energy of the states can be written by using eqn (15.26) as 

(15.32) 

J, K are the direct integral and exchange integral, respectively. The 
same result holds for ih 

We now consider the determinants W3 and W4. In these cases there 
are no exchange terms, as the spins are in opposite directions, and we 
find easily that 

The four determinants are degenerate eigenstates in the approximation 
of independent particles; therefore it is necessary to consider the non-
diagonal matrix elements of H. As 82 and 8z both commute with H the 
only non-vanishing elements are (WaIHIW4) and its complex conjugate. 

Equation (15.26) cannot be used to compute these matrix elements 
but we can expand the states and write, in compact form, 

(walHlw 4) = L Wrs(xt}1/!is(x2)x+(a1)x-(a2) H 

(W1s(X1)1/I2S(x2)x-(a1)x+(0'2) -1/!ls(X2)1/I2S(X1)X-(0'2)x+(ad) . 
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The first term in the bracket vanishes by the orthogonality of the spin 
wave functions; in the second term the single-particle terms vanish by 
the orthogonality of the radial wave functions, as for instance the kinetic 
term associated with the variable Xl is multiplied by 

1 'ljJ2s(X2)'ljJls(X2) = 0 , 
X2 

The term of Coulomb interaction is just the exchange integral, and there-
fore 

('hIHlw4) -K, 
The Hamiltonian can therefore be written, in the subspace W 3, W 4, as 

(
hs + 12s + J -K ) 

- K Its + 12s + J ' 

with eigenvalues and corresponding eigenstates 

hs + 128 + J - K : 

hs + 12s + J + K : 

With some algebra, the eigenstates can be found to be 

W3 + W4 v'2 .. -

W3 - W4 

'ljJ1s(1)'ljJ2s(2) - 'ljJ1s(2)'ljJ2s(1) X+(1)X-(2) + X_(1)X+(2) 
v'2 'v'2 ; 

'ljJls(1)'ljJ2s(2) + 'ljJls(2)'ljJ2s{1) 
v'2 

X+(1)x_(2) - x_{l)X+{2) 
v'2 

As expected, one of these states is what is needed to complete the 
triplet, with the same energy as W 1,2- The other state is the singlet, 

It can easily be shown that K > ° and therefore for excited helium 
the triplet (the ground state of ortho-helium) is lower in energy than the 
singlet (the first excited state of para-helium). 

An observation which could be useful in more complicated caSes is the 
following. We have computed the eigenvalues of non-degenerate states 
relatively straightforwardly, eqn (15.32). On the other hand, we know 
a priori that one of the states with Sz = 0 must be the third member 
of the multiplet and so must have the same energy. The (S, Sz) (1,0) 
and the singlet (S,Sz) (0,0) states are related to W3,4 by a unitary 
transformation, but as any unitary transformation leaves the trace of H 
in this 2 x 2 subspace, the energy eigenvalue for the singlet could have 
been found from the known value for 

In fact, by subtracting the eigenvalue of the triplet, we find that 

2 (Irs + hs + J) (Irs + 12s + J - K) = (Its + 128 + J + K) , 

in agreement with what we found by diagonalization. This observation, 
in general cases, is known as Slater's theorem. 



15.6 Spin-orbit interactions 
The interactions due to the electron spin are in general rather compli-
cated, see eqn (22.67): 

(15.33a) 

(15.33b) 

(15.33c) 

Equation (1533a) represents the "spin-orbit interactions" with the elec-
tric field of the nucleus, eqn (15.33b) the interactions between the spin 
of an electron and the fields of other orbiting electrons; eqn (15.33c) the 
spin-spin interactions. In eqn (15.33c) we have neglected a contact term, 
proportional to SasbD3(rab), which is invariant under space rotations as 
well as spin rotations, and does not influence the following analysis. 

Order of magnitude 

It is important to have an idea of the order of magnitude of various terms 
in eqn (15.33), and above all, their dependence on Z. The spin-orbit 
interaction Uso feels the field of the nucleus directly. We know that the 
characteristic length in a Coulomb field with charge Z is az = rB/Z, 
where rB is the Bohr radius, and hence the order of magnitude of the 
matrix elements of Usa is 

(15.34) 

The last factor is the probability of finding an electron at a distance 
r rv az. 1j;(az) can be estimated either by a semi-classical argument 
(see Section 22.7.1) or by a scaling argument. If in the Hartree-Fock or 
Hartree equation, we pass to the rescaled variable x Z r, = 1f;/VZ, 
we have an equation in which each term is of order l/Z but there are Z 
of them. The characteristic range in these variables, in atomic units, is 
x rv 1 and in this region tV 1, which corresponds in the usual variables 
to r tV l/Z, 1j; "" l/VZ. Therefore tV 1/Z2, that is, the 
probability of finding an electron near the nucleus decreases as 1/Z2. 
Substitution of this into eqn (15.34) gives 

The dimensionless constant 
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8 Here also only the outer electrons in 
incomplete shells matter, so that there 
is no factor Z(Z - 1)/2, counting the 
electron pairs. 

is called the fine-structure constant: it characterize the splitting of the 
levels. As we shall see only the peripheral electrons contribute to the 
matrix elements responsible for the splitting of fine-structure sub-levels, 
so there is no extra factor Z due to the summation over the electrons. 

The terms Usoo and Uss are large for r cv rE, as they have no factors 
Z to multiply it, and therefore8 

We see therefore that all the contributions give corrections of the 
order of 0(0:2 ) to the energy, but the L8 term is dominant for large 
Z. For large Z, that is, Zo; cv I, the corrections due to the spin-
orbit interactions become of the same order of magnitude as a Coulomb 
energy, and this invalidates the Russell-Saunders model for constructing 
the states. 

We further note that for highly excited state's the external electron 
orbits are basically in the simple Coulomb potential, with the typical en-
ergy e2/n2rB, where n is the principal quantum number. In this regime 
the spin-orbit interactions certainly prevail over Coulomb interactions. 

In what follows we shall treat only the Russell-Saunders case in which 
simple symmetry considerations allow us to find the effect of the spin 
interactions. 

In a purely electrostatic approximation each level (multiplet) has a 
degeneracy, dLS (28 + 1)(2L + 1), which will be lifted by the spin-
orbit interactions, HLS . 

We are in fact faced with a classic problem of degenerate perturbation 
theory: we must diagonalize HLS in the subspace with given ELS, Le., 
we must find a basis in which HLS is diagonaL 

Within each multiplet, one can choose either of the two natural bases: 
the first is the one in which IL, 8, Lz , 8z ) are diagonal, the second is the 
one in which the total angular momentum is diagonal, IL, 8, J, Jz). As J 
commutes with HLS and in fact with the fuJI Hamitonian, in the second 
basis HLS is automatically diagonal, with each level being degenerate 
(2J + 1) times. 

In conclusion the basis IL, 8, J, Jz) is the one which diagonalizes H, 
whose eigenvalues will be denoted as E(L, 8, J), or sometimes simply 
as EJ. The remaining degeneracy can be removed only by rotationally 
non-invariant perturbations (e.g., external electric field). 

The sub-Ielvels coming from the original multiplet are called spectral 
terms and are indicated by 

2S+1 LJ . 

The possible terms correspond to the possible values of J: we know from 
the theory of angular momentum that 

IL - 81 S J S L + 8 . 

In cases 8 S L, Le., when the number of terms is equal to 28 + 1, 
the last number is called the multiplicity of the multiplet. We talk 



about singlets, doubles, triplets, etc., for multiplets of types 1 L, 2 L, :> L, 
etc. The classification with symbols such as 28+1 LJ is used even when 
the Russell-Saunders model is qualitatively inadequate. In the latter 
cases J is always a good quantum number but not so Land S, and the 
eigenstates of H are combinations of states with different (L, S). In such 
a case the notation is a purely formal one. 

The central field 

As a simple case we shall first of all consider the central field approxi-
mation, neglecting the spin-spin interactions among the electrons. Each 
electron moves in a mean field generated by the nucleus and by the other 
electrons. Let Vi be the field the i-th electron feels. We find the spin de-
pendent part of the Hamiltonian, neglecting the relativistic cOlTections 
such as those proportional to p4, by applying eqn (14.25) directly 

L e 1dVi L HL8= -- s·(rxp·)= k(r)£·s 2m2c2 'r. dr t t - t 
i 1. i 

(15.35) 

In this effective Hamitonian are included the effects of the terms in 
eqn (15.33a) and eqn (15.33b). 

Within each multiplet, the Wigner-Eckart theorem tells us that the 
matrix elements of a vector dependent on the orbital variables are pro-
portional to the matrix elements of L, while those of Si are proportional 
to the matrix elements of S. Therefore the Hamiltonian takes a very 
simple form; 

HL8 AL· S, (15.36) 

and by using the relation 

we get for the eigenvalues of H L8 

A 
EJ= 2 [J(J+l)-L(L+1)-S(S+1)]. (15.37) 

Within a multiplet L, S are constant so eqn (15.37) is a statement about 
the difference of the various terms of fine structure, 

EJ+1 - EJ = AJ . (15.38) 

Equation (15.38) is known as Lande's rule. 
In a configuration with only closed shells, there are no fine structures, 

as S 0, L O. This means that for each closed shell 

L £;'Si=O 
iEorb.compl. 

(15.39) 

and therefore it is natural to understand that the matrix elements of eqn 
(15.35) depend, in the central field approximation, solely on the partially 
filled shells. 
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Depending on whether A > 0 0 A < 0 the energies of the terms of the 
multiplet increase or decrease with J; in the first case we talk about a 
normal multiplet, in the second case an inverted multplet. 

For the electron e < 0 and, for an attractive central field, e dV j dr > 0; 
therefore the sign of the constant A depends on the sign of the matrix 
element £i . Si, summed over the incomplete orbitals. 

It is actually easy to determine the sign of A for atoms with only one 
incomplete shell in the ground state (and this is a very common case). 
Let d£ = 2(2£+ 1) be the maximum number of particles which the orbital 
can host. If the actual number of electrons n is such that n -:; dd2 then 
Bund's rule tells us that all the spins are parallel and for all purposes 
we can put Sa = Sjn. As all the particles have the same radial wave 
functions all the matrix elements of Ai(r) in eqn (15.35) are equal and 
their value can be factorized, and hence 

1· 1 
(Usa) = (Ai) LSi' £i = (Ai) -S . L £i = (Ai) -S . L, 

. n. n 
t t 

and as a result, we get A > O. 
For shells with n > d£ it suffices to add and subtract the sum over the 

empty orbitals (holes), 

LAi£i'Si= 
i orb. camp!. holes 

the coefficients Ai depend only on the orbitals, while for holes the spin 
and the orbital angular momenta are inverted with respect to the elec-
trons. The first term vanishes by eqn (15.39), so only the negative term 
remains, i.e., A < O. 

Comparison with data 

A way to check Lande's rule is to consider the ratios 
A EJ - EJ-I 
DJ= 

J 
(15.40) 

These ratios must be independent of J, if Lande's rule holds. 
The data for some typical cases are listed in Table 15.6. The ener-

gies are given in cm- I . We note the presence of both normal ITlUltiplets 
with 6.J > 0 and inverted multiplets, with 6.J < 0, depending on the 
electronic configuration, in agreement with the general discussion above. 
There is also a qualitative agreement with Lande's rule. The main cor-
rections are due to the inapplicability of Russell-Saunders and to the 
mixing among different electronic configurations. 

The reader will find in the exercises closer examination of some of the 
issues, such as explicit writing of the LS coupling in the HF approxima-
tion, in the cases of two electrons. 

15.6.1 The hydrogen atom 
The hydrogen atom presents some particularities due to the accidental 
degeneracy. This degeneracy has no effect on the calculation of the ma-



Config. Elem. Multip. /:::,.J /:::"J-1 

2p2 C 3P 13.5 16.42 

2p4 0 3P -79.13 -68.71 

3p2 Si 3P 73.02 77.11 

3p4 S 3P -198. -177.6 

3d2 482 Ti 3F 54.19 56.71 

3d8 482 Ni 3F -:n3. -294.8 

482 4p2 Ge 3P 426.4 557.1 

Table 15.6 Estima.tes of A for triplets of fine structure 

trix elements for the LS coupling but the Coulomb degeneracy remains 
to certain extent even after the relativistic corrections and maintains 
the degeneracy among the states with different l, s but with the total 
angular momentum j, with the same principal quantum number n. (See 
Supplement 21.2.) 

For simplicity we shall deal only with the 2p state here, which has a 
(2S + 1)(2L+ 1) 6-fold degeneracy. In the presence of LS interactions 
the conserved quantum number can have values j = so there are 
two levels, with degrees of degeneracies 2 and 4, respectively: 2Pl/2 and 
2P3/2' Interactions (15.33a), in the case of hydrogenoid atoms, take the 
form 

e2 

HFs = Z 2 2 2 a'., s , mer 
and the shift of the levels is given by eqn (15.36) with L = 1, S = 

-Ai 

A = Z \ 2Pi \2P) . 

For the hydrogenoid states 

/ 11 I ) Z3 1 1 
\nl r3 nl ::= r1 n3l(l+4)(l+l) , 

and hence for n = 2,l = 1 

A = Z4 e
2
1i

2 
1 == 

2m2c2r124 24 2rB 
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The factorized energy is the Rydberg energy. Note the characteristic 
dependence Z2Q:2 of the corrections with respect to the unperturbed 
energy, Z2 Ry. As A > 0' the level with the larger value of j is raised 
and vice versa. The difference, called fine-structure separation, is 

1 
F2p = 6.E(2P3/2) 6.E(2P1/2) 16Z2Q:2 x Z2 Ry = Z4 4.53 X 10-5 eV . 

(15.41 ) 
Numerically, the associated frequency for the hydrogen, F2p /h, is 

1 h F2p = 10.95 GHz . 

Consider a line in the Balmer series, for instance the spectral line 38 -'> 

2p. The transition frequency is about 

A spectral line such as this, observed at high resolution, reveals a tiny 
structure, that is fine structure. The splitting is given by eqn (15.41), 
i.e., one part in 104. The doubling is due to the splitting of two possible 
transitions, 381/2 -> 2P1/2 and 381/2 2P3/2. 

15.7 Atoms in external electric fields 
We now want to study the effects of a static external electric field on the 
atomic levels. For simplicity, we shall consider neutral atOlllS and neglect 
the effects of the order of m/M. In typical atomic distances, 6.x rv 

10-8 cm, macroscopic electric fields can be approximately regarded as 
constant. We shall therefore expand the electrostatic potential about the 
atomic center of mass, which approximately coincides with the position 
of the nucleus. Apart from a possible additive constant, the atorn-
external field interaction energy is given, by expanding to the second 
order (see Chapter 14) 

(15.42) 

V is the external static field; the derivative of V and the electric field 
are calculated at the center of mass, the position of the nucleus, which 
is taken as the origin. d is the electric dipole, and Qij the quadrupole 
moment, 

(15.43) 
a a 

ea -lei is the charge and fa is the position of the a-th particle. 

15.7.1 Dipole interaction and polarizability 
The shift of atomic levels due to a static electric field is known as the La 
Surdo-Stark effect. For a homogeneous field, the interaction is described 
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by the first term of eqn (15.42), and the Hamiltonian is given by 

H LS stands for generic relativistic corrections. The direction of the 
external field c is taken to be the z direction. The Hamiltonian Ho is 
invariant under rotations and under parity, 

(15.45) 

Normally the energy levels have as the sole 2J + I-fold degeneracy that 
due to the orientation of the total angular momentum, J, and each level 
corresponds to the subspaces spun by In, J, Jz), con Jz -J, ... + J. 

Perturbation theory wit.h Ih in this subspace is. however. simpl/?: if 
the quantization axis is taken to be z then HJ is invariam under rotaions 
around the z axis, so HJ commutes with Jz and is automatically diagonal 
in the basis of states (J,Jz). In other words the effect is 

But parity commutes with HOi barring accidental degeneracy, the energy 
eigenstate is also a parity eigenstate, 

(15.46) 

TJp = ±l. On the other hand, the dipole operator is odd under parity, 

Pdpt = -d, (15.47) 

and thus 

(wldlw) == (wIP-1 PdP-1 Plw) = (wlpt Pdpt Plw) 
= ITJPI2(wIPdptlw) = -(wldlw), (15.48) 

so that JEn = 0: a linear Stark effect vanishes for a non-degenerate 
state. 

The only exception occurs when there is an accidental degeneracy (i.e., 
not related to the angular momentum), as in the hydrogen case. This 
last case has been treated in Chapter 9. In a generic case, instead, we 
must go to the second order in perturbation theory, and according to the 
general formula, eqn (9.15), the correction to the energy for a stationary 
state IWo) is 

(2) ,,'. 1 1 JE =.l..Jn (Wold. tin) Eo _ En (nld· tlWo) == -20!ijCiCj , (15.49) 

where the polarization tensor 

(15.50) 
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has been defined. 
The energy in an electric field is therefore, to the second order in £, 

1 
E Eo 2aij£i£j. (15.51) 

As can be seen from the preceding formulas the order of magnitude for 
the effect considered is 

If the binding energy is of electrostatic type we expect that t::.E tv e2 / a 
and so a rv 0 3, i.e., the polarizability is proportional to the volume of 
the system. 

The dipole of the system is defined through the response of the system 
to the variation of the external electric field, 

8E 
Di == 8[i == Ciij[j (15.52) 

The absence of the constant term in eqn (15.52) indicates the absence 
of a permanent dipole: the term shown is called the induced dipole. 

Decomposition of the tensor aij 

The tensor aij is symmetric. It can be decomposed into a part propor-
tional to an identity and a traceless part, 

aij + ( aij == a6ij + f3ij , (15.53a) 

2 I 1 
a = 3 Ln (1jJoldi ln) En _ Eo (nldi l1jJo). (15.53b) 

The operator which appears in eqn (15.53b), 
I 1 

Ln diln) En _ Eo (nidi, 

is obviously invariant under rotations as the summation is done over all 
states and therefore over all different projections of the states In), and 
the energies En are not supposed to depend on Jz: the unperturbed 
system is invariant under rotations. 

Vice versa, the tensor f3ij is a symmetric traceless tensor, so it trans-
forrns as an irreducible second-rank tensor. 

The level shift 

We have seen that the energy in the quadratic Stark effect is of the order 
of a[2. If £ is measured in volt/em one can estimate this parameter: 

£ = f ; a tv 1A3 
; 

cm 

a£2 '" A (e. V)2 f2 tv 10-16 (e V? p tv 10-17 eV f2. (15.54) 
cm2 10eV 
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Therefore excluding the cases with very large fields or exceedingly small 
fine structure, the Stark effect is a small perturbation with respect to 
HLs. In this case the Wigner-Eckart theorem tells us immediately the 
form that the operator ();ij takes among the states with fixed J: 

();ij (); Oij + {3 (JiJk + JkJi 1J20ij). (15.55) 

The second term is the second-rank traceless symmetric tensor formed 
by J, so we get 

oE(J,Jz ) jJ(J+l))]. (15.56) 

We note that (); represents the center of mass of the energy shift: taking 
the trace and summing over Jz are equivalent, so the sum over various 
terms proportional to (3 vanishes, which can be also verified directly: 

1 Jz=,+J 1 
21+1 L J;=3J (J+l). 

Jz=,-J 

We note furthermore that the states with opposite Jz are degenerate. 
This is a consequence of the fact that the full Hamiltonian, including 
the perturbation, is invariant under the reflection with respect to a plane 
including Z, e.g., the xz plane. Under such a reflection, Jz changes sign, 
so the two states differing by Jz are necessarily degenerate. 
-------
The constant a, {3 depends on the state, i.e., on L, S, J for an atom, but it is 
clear that, aij being a tensor constructed from the orbital variables only, the 
dependence on J is indirect, through the construction in terms of Clebsch-
Gordan cooefficients. The Wigner-Eckart theorem then imposes the condition 

a;j == a 8;j + b (LiLk + LkLi - 28;j) . (15.57) 

The coefficients a, b depend only on the multiplet considered, i.e., on L, S. 
Expressing now the tensor (I5.57) in terms of these in eqn (15.56) we find the 
relation between a, {3 and a, b. The result is 

. (3 - b 3(JL) [(2(JL) - 1J - 2J(J + I)L(L + 1) 
a a, - J(J+I)(2J-l)(2J+3) , (15.58) 

where JL can be found from the identity 

2JL == -(J - L)2 + J2 + L2 == J(J + 1) + L(L + 1) - S(S + 1) . 

See Problem 15.6. 

If the Stark effect is of the order of fine-structure separation, it is 
necessary to simultaneously diagonalize the two perturbations, i.e., 

, 

on the multiplet in question. An analogous calculation was done for the 
hydrogen atom in Chapter 9. 
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15.7.2 Quadrupole interactions 
For an inhomogeneous field, there is a quadrupole coupling in eqn (15.42): 

HQ V; Qij = I:>a (3r a,ir a,j - Oij) . (15.59) 
a 

To calculate the effects on the levels it is necessary to evaluate the matrix 
elements of the tensor Qij among the unperturbed wave functions. We 
begin by noting that for a state with J = 0, J = 

In fact, Qij transforms as an angular moment 2, and the matrix element 
(15.60) vanishes by the selection rules: Thus only the states with angular 
momenta J :::: 1 can have a quadrupole moment. 

For J > there is some simplification if the Wigner-Eckart theorem is 
used again. The average of the traceless tensor Qij must be proportional, 
on a mulitplet with fixed J, to the same type of tensor constructed 
from J, so for Iw} = In, J, Jz}, where n stands for additional quantum 
numbers, 

(15.61 ) 

The normalization in eqn (15.61) hasbeen chosen so that QJ coincides 
with the expectation value of Qzz on the states with the maximum value 
of Jz. For compactness eqn (15.61) will be written as 

Qij = 1) (JiJj + JjJ; - , (15.62) 

and Q J is what is called the quadrupole moment of the state. 
Let us note that Qij, in contrast to the dipole, is even under parity, 

and therefore the matrix elements between the states of opposite parity 
vanish. 

For example, consider an external field having an axial symmetry 
around the z axis: as the Laplace equation must be satisfied by the field 
<I> we must have 

8;<I> = -2A, 

with other derivatives vanishing. The Hamiltonian reduces to the form 

In the last passage, use was made of the fact that Qij is traceless. By 
using eqn (15.61) one gets 

oE QJ ( 
2J(2j _ 1) J(J + 1) 



As indicated by the notation, the number QJ depends on J. On the 
other hand, the operator Qij is made solely of the orbital variables. If 
the fine-structure separation is larger than the quadrupole shift, which 
we shall assume to be the case, L, S are good quantum numbers and 
Q J must be expressible in terms of these, by using the Wigner-Eckart 
theorem only for the orbital angular momentum: 

Qij = 1) (L;L j + LjLi -1L28;j) . (15.63) 

Equation (1563) is understood as an expectation value in an orbital 
wave function, spin averaged over. 

The relation between the two expressions depends on the Wigner--
Eckart theorem only, and not on the particular tensor operator con-
sidered. and is indeed the same as that encountered in the case of the 
polarization tensor 

3QJ 3QL 
2L(2L -1) . d(J,L,S); 2J(2J + 1) 

the constant d( J, L, S) is the same as the one appearing in eqn (15.58). 
In particular, for a doublet, S one finds that 

QJ { 

Q L for J = L + ! 
(L 1)(2L + 3)Q 

L(2L + 1) L for J = L - ! . 

15.8 The Zeeman effect 
External magnetic fields also have nontrivial effects on the atomic spec-
trum. To begin with, let us briefly review the situation in classical 
mechanics. Classically a spectral line with frequency Wo is associated 
with an electron moving in a periodic motion. A magnetic field adds a 
Lorentz force term to the equation of motion, 

•• 2 e B mx = -mwox+ -v x 
c 

2 lei -mwo x - -v x B . 
c 

(15.64) 

Let us choose the reference system such that B is in the z direction. Sys-
tem (15.64) describes two oscillations, one in the xy plane perpendicular 
to the field, and the other parallel to it. To intuitively see the influence 
of the field on the motion, we recall that the equation of motion in the 
system of reference, rotating with an angular velocity, n, is given by 

mv =F+2mv x n+mn x (x x n), 

the second term being the Coriolis force. For small magnetic fields there-
fore an oscillator in a II!-agnetic field is equivalent to an oscillator seen 
in the rotating system, with angular velocity 

lelB 
2mc' 
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to the first order in the angular velocity. This statement is obviously 
valid in any system, not only for an oscillator, and is known as Larmor's 
theorem. The angular velocity WL is called the Larmor frequency. We 
note that the rotation is anti-clockwise as the electron charge is negative. 

A circular, clockwise or anti-clockwise motion is described by the vec-
tor 

x+ = A(coswot,sinwot); x_ = A(coswot, -sinwot); 

a linear oscillation, e.g., along the x direction, can be seen as a linear 
combination of the two circular motions: 

If we now go to the system rotating in a clockwise sense (with angular 
velocity W L ) then an anti-clockwise motion has an angular velocity 
Wo + WL while a clockwise motion has Wo WL. 

Therefore the effect of the magnetic field is to separate the three os-
cillation modes into three distinct frequencies, Wo,Wo ± WL. Classically, 
each spectral line should split, in a magnetic field, in three components, 
with the separation given by WL = leIB/2mc. Another important con-
sequence is the following. Classically the intensity of emission is pro-
portional to the square of the acceleration of the charge in the direction 
perpendicular to that of the line of observation. In an oscillator the 
acceleration is proportional to the dipole of the system ea d = -w2d. 
Thus if one observes the light in the z direction the dipole oscillating in 
this direction does not contribute, and one would observe only two lines, 
at frequencies Wo ± WL, with circular polarizations, the motion being 
that of a dipole rotating in the xy plane. More precisely the dipole in 
an anti-clockwise motion has frequency Wo + WL and emit left polarized 
light with the same frequency, while the clockwise dipole will emit light 
with frequency Wo - WL. In other words the light with left polarization 
has the higher frequency. 

Vice versa, if the line of observation is in a direction orthogonal to the 
field, e.g., in the x direction, then one would observe only the effects of 
the dipoles oscillating in the z and y directions, and as a consequence, 
linearly polarized (in the z direction) light at a frequency Wo and two 
lines at frequencies Wo ± WL, linearly polarized along the y axis. In a 
generic direction one expects to observe a line of linearly polarized light 
along the z direction and two lines of elliptically polarized light, with 
frequencies Wo ± WL. These are known as the (normal) Zeeman effect. 

15.8.1 The Zeeman effect in quantum mechanics 
In quantum mechanics the effect of a magnetic field is an additional term 
in the Hamiltonian, 

e --(£+ gs)· B. 
2mc 

(15.65) 



.. 

g is the gyromagnetic ratio of the electron, and we shall set g 2 
for simplicity. The magnetic field is taken in the z direction, and by 
measuring the angular momenta in units of Ii, £ = liL etc., wee see that 
eqn (15.65) can be written as 

lelB Ii (L 28 ) 
2 z + z me 

(15.66) 

We see therefore that Larmor frequency appears here also, and can be 
written by using the Bohr magneton as 

Equation (15.66) holds for any number of electrons, as B acts on all 
electrons in the same way; L, S represent the total orbital angular mo-
mentum and total spin. 

In general, Land S are not separately conserved, due to L . S inter-
actions, and this implies that the effect of the magnetic field somehow 
depends on the fine structure of the system. We note that 

The tesla, (T), that is 104 gauss in CGS units, is the unit of magnetic 
field. The order of magnitude of the fine structure is 0'2 a.u. tv 10-4-

10-5 eV, so for weak fields, much less than a tesla, the fine structure 
is not negligible; vice veisa for a much stronger field the latter may be 
neglected. The criterion of the division is provided by the ratio between 
the Larmor frequency W L and the fine-structure separation frequency 
WFS. Sometimes, for weak fields, WL «: WFS, and the effect is called 
Zeeman effect, while for stronger magnetic field WL tv WFS, or WL » 
WFS, and it is called the Paschen-Back effect. 

States with 8 = 0 

Let us begin with a simple case with 8 O. This is neither the case 
for hydrogen, nor for alkali atoms, but it is useful to see the connec-
tion between the classical theory and what happens in the atomic world 
(quantum mechanics). We must first of all recall the selection rule for 
dipole emission, discussed in Chapter 9. The most intense spectral lines 
are those associated with the dipole transition, just as in the classical 
case, 

Uldli) ; transition i --+ f . (15.68) 

Taking z as the quantization axis of angular momentum, the three in-
dependent components of the dipole are 

The dipole d behaves as a vector under spatial rotations so the selection 
rules for L in eqn (15.68) are /).L = 0, ±1, and the transition /).L 0 
is forbidden in the case of a single electron by parity, the state having 
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pB 

-... _---

parity (-I)L only in the case of a single electron. The transition ° 0 
is forbidden. For each component 

light polarized linearly in the z direction 
light with circular polarization + 
light with circular polarization -

(15.69a) 
(15.69b) 
(15.69c) 

The preceding rules are easy to understand: a left-circular polarized 
photon along the z direction has an angular momentum +n along the 
same direction; this angular momentum is taken away from the atom, 
through the matrix element of d_, which lowers Lz of the system by 
nnity. In absorption the role of d+ and d_ in eqlls (15 .69b) and(15.69c) 
are exchanged. 

In the absence of spin Hamiltonian (15.66) can be diagonalized imme-
diately: 

(15.70) 

therefore we have a series of equally spaced levels, the separation between 
the adjacent levels being nWL, and the total number of sub-levels 2L+ 1. 

Let us consider now the transition between two levels i, f. Let nwo = 
Ei - Ef be the frequency of the associated line, in the absence of a 

_______ ____ magnetic field. If the level i has spin 0, then the final state f also has 
pB spin 0, since the dipole operator does not act on spin. Therefore the 

splitting in the two levels due to the magnetic field is the same and is 
given by eqn (15.70). We find the situation illustrated in Figure 15.5, 

f for Li = 2, L f = 1. The transitions take place, by virtue of the selection 
rule, only between adjacent levels, that is, with the same Lz, or with Lz 
differing by one. As can he seen from the figure, the allowed transitions 

Fig. 15.5 The Zeeman effect 
take place as follows: 

6Lz = ° operator: dz lin. pol. freq. nw = Ei - Ef == nwo 
6Lz=+1 operator: d+ pol. - freq. nw = n(wo - WL) 
6Lz=+1 operator: d_ pol. + freq. nw = n(wo + wd 

The situation is exactly the same as in classical mechanics outlined ear-
lier. The number of lines, their separation, and the associated polariza-
tions are as classically expected. 

States with 8 "# 0: strong magnetic fields 

Let us now suppose that the two states have spin, but that the magnetic 
fields are strong enough to allow us to neglect the fine structure: we 
are in the regime of the Paschen-Back effect. The initial level has a 
(2L + 1)(28 + I)-fold degeneracy (it is considered degenerate, as we 
neglect the fine structure). In this case, the base states can be taken 
as \L, Lz , 8, 8z ) which is naturally a complete basis in the subspace in 
question. Lz and 8z are good quantum numbers as L8 interactions are 
neglected. Hamiltonian (15.70) is diagonal in this basis with eigenvalue 

(15.71) 



This spectrum is practically the same as the previous one, equally spaced 
(D.E := hWLsub-levels goes from -(L + 28) to (L + 28) for a total of 

# levels 2(L + 28) + 1 (L i 0) ; # levels := 28 + 1 (L:= 0) . 
(15.72) 

The center of mass of the levels is still the unperturbed energy Eo as 
L Lz := ° L 8z · For instance, for L = 0,8 = the two levels are 
hwo ± hWL, the center of mass is zero, but none of the levels coincides 
with zero. 

For L > 0, as Lz varies by integers and 28z is also an integer, the 
levels are separated by the same quantity, hWL: here, of comse, the 
fact that g == 2 is crucial. What is different from the case of spinless 
states is the number and multiplicity of the single levels. Eigenvlaues 
(15.71) go from - L - 28 to L + 28, equally spaced. The multiplicity is 
given by the number of ways all integer can be formed by Lz Eilld 8z . 

To count the degeneracy one can for instance start with a givell and 
add or subtract 28z for various 82 and count in how lllally ways we 
arrive at a given number. The situation is illustrated in Figure 15.6 for 
L = 2,8 

In the case of L 0 there are simply 28 + 1 levels, with level spacing 
2nwL· 

In a dipole transition spin does not change, so there will be three 
spectral lines, associated with the selection rules, D.Lz := 0, ±l; in the 
limit of a strong magnetic field we have the normal Zeeman effect even 
in the presence of spin. 

8 i 0: weak fields 

Let us now consider the case of weak fields, i.e., hWL «: Eps. First of all, 
however, what we have seen up to now tells us that for weak fields that 
are nonetheless strong enough as compared with the hyper fine splitting, 
which we recall to be of the order of 10-3 Eps, we can cOlltiI'iue to 
neglect the effects of the nucleus. This is a typical situation for magnetic 
fields between 1 tesla, which corresponds to about 5.8 x 10-5 eV, and 
10-3 T := 10 gauss, the value at which the effects related to the nucleus 
start to become important. 

Let us assume, to be concrete, that L 2': 8. We know then that a 
given level is split by virtue of the spin-orbit interactious into 28 + 1 
levels with J = L - 8, L - 8 + 1, ... , L + 8. Assuming, as we have 
mentioned already, that hWL «: EFs, degenerate perturbation theory 
can be applied to each fine-structure level. This implies neglecting terms 
ofthe order of Ji-BBIEFS« 1. By denoting all other quantum numbers 
by a we see that a basis of the 2J + 1 states in question is naturally 
la, J, Jz}. The Hamiltonian 

HB hWL(Lz + 28z) 

is invariant under rotations around the z axis and so commutes with 
Jz and is diagonal in this basis. The problem then is to calculate the 
matrix elements (a, J, JzlLzla, J, Jz) and the analogous ones for 8z. 
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The Wigner-Eckart theorem guarantees that within a multiplet all the 
vectors have matrix elements which are proportional, and in particular 
to J. The matri.x elements of HB therefore have the form 

(15.73) 

The coefficient 9J is called the Lande factor. 
The calculation of 9J is a simple application of the Wigner-Eckart 

theorem: within a multiplet the matrix elements of any vector are pro-
pOltional to the elements of J, so that as a (2J + 1) x (2J + 1) matrix 

L cJ; =} cJ2 (L·J). 

By nsing J L S e J2 + L2 - 2J . L S2 one finds that 

and finally, eqn (15.74), we find that 

L J(J+1)-j-L(L+1) 8(8+1)J' 
2J(J + 1) , 

S = J(J + 1) - L(L + 1) + 8(8 + 1) J . 
2J(J + 1) 

(15.74) 

For the matrix elements of S the only thing to do is to exchange the role 
of Land S. From the preceding formulas we find the diagonal matrix 
elements of 

liw J [J(J+1)+L(L+1) 8(8+1) 
L z 2J(J + 1) 

2 J(J + 1) - L(L + 1) + 8(8 + 1)] 
+ 2J(J + 1) 

Ii J [ J(J+1) L(L+1)+8(8+1)] 
WL z 1 + 2J(J + 1) . 

Therefore the Lande factor is equal to 

(15.75) 

If the deviation from the value 2 of the gyromagnetic ratio of the electron 
is taken into account, then the answer is 

=1 [1 (_2)]J(J+l)-L(L+l)+8(8+1). 
9J + + 9 2J(J + 1) 

For 9J = 1 (such as for 8 0) the level spacing predicted by eqn (15.73) 
is the classical one. 



For 9J i= 1 the levels are still equi spaced but with spacing TiwL 9J. 
This is different from a classical interpretation of the effect. 

The most remarkable effect is about the number of the lines: in the 
transition between two levels the factor 9J changes and so does the level 
spacing, within the multiplet. Let us take, as an example, a transition 
from a state with Ji to a state with J j, J j < Jt . The transition induced 
by dz , with tlJz == 0, has frequency 

hw = (E; Ej) + n,wL (9d! - 9jJ{) = nwo + TiwL J;(g; gj) \ 

which depends on Jz. Similarly a transition due to d_, which we recall 
gives rise to a left-polanzed photon, yields J! = J! + 1 and the frequency 

nw=(Ei Ej)+nwdgi J!-9jJ!)== nwO+nwL [J{(9i 91)+9;]· 

Here the frequency also varies within the Zeeman sub-levels. In con-
clusion there are more than three lines, and the effect was historically 
termed the anomalous Zeeman effect, although there is nothing anoma-
lous about it. 

It is easy to convince oneself that for a transition i -+ f in emission, 
with Ji > Jj, the shifts in frequency, number of the spectral lines and 
polarization are given by 

# lines: (2JJ + 1), (15.76) dz hwdJz(gi - gJ )), 
d_ hWL (Jz(gi gJ) + gil, 
d+ hWL(Jz(g;-gJ) gil 

#4nes: (2JJ + 1) Jj-l # 2Jj], 
# lines: (2JJ + 1) [Jz ;::: -Jj + 1 # == 2Jj], 

where -Jl ::; Jz ::; Jl' The last column refers to the case Ji = Jl' An 
analogous table can be made easily for the cases Ji < Jj. 

As a concrete example consider the yellow line of sodium. Sodium 
is an alkali metal with one peripheral electron in 38. The yellow line 
in absorption corresponds to the transition 38 -+ 3p, or to 3p -+ 38, 
in emission. The other electrons act as "spectators", remain in the 
closed shell L 0, S = 0, and are neglected in the determination of the 
quantum numbers of the atom. The state 3p has L = 1 and S == and 
it has a fine structure, with two levels, J = t and J = 3/2. Actually 
the yellow line is made of two distinct lines with wavelengths 

3Pl/2 -+ 381/2 : 5895.924 A j 3P3/2 -+ 381/2 : 5889.950 A. (15.77) 

The first line has a larger wavelength, in agreement with the fact that 
Af . s is positive, having only one eJectron in the incomplete shell. We 
can easily estimate that the fine structure level spacing is 

b.E / E rv tl).../)... rv 10-3 . 

For the value of the energy, it follows from eqn (15.77) that 

E3/ 2 E1/ 2 2.1 x , 

in perfect agreement with what is expected for a typical LS interaction. 
From eqn (15.67) it follows that up to some hundreds of gauss we are in 
the weak field regime. 
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The Lande factor can be obtained from eqn (15.75): 

and gives rise to the energy shifts (eqn (15.73)) 

The transition schemes are illustrated in Figure 15.7. From the figure 
the shifts in frequencies can be found: 

3P1/2 ---t 381/2 dz : - )l1w L 
3P3/2 ---t 3S1/ 2 dz : (l, 

d_ : d+ : -il1wL 
d_ : (i, l}liwL d+: -(i. 1)Il.wL 

in agreement with eqn (15.76). The first line splits into four, the second 
into six substructures. 

Fig. 15.8 Zeeman splitting for sodium 3p ---t 35 transitions. In the second 
F' Th Z a- r figure, the upper lines correspond to a transition induced by dz , the lower 19. 15.7 e eeman eHect lor 
sodium ones induced by d±. 

Further reading 

The books Atomic Physics [Born (1989)] and Atomic 
Spectra and Atomic Structure [Herzberg (1944)] are ex-
cellent introductory texts to the argument. 

The general problem of atomic structure is touched on 
all textbooks on quantum mechanics, see e.g. [Landau and 
Lifshitz (1976 cl]. A more specific study on the Hartree-
Fock approximation is in [Slater (1960)], [Condon and 
Shortley (1935;] and [Bethe and Jackiw (1986)], A good 

introduction to the numerical aspects of the problem is 
in [ Fischer, Brage, and Jonsson (1997)]. 

Fermi's papers [Fermi (1927)], [Fermi and Amaldi 
(1934)] can be consulted for the Thomas-Fermi approxi-
mation. For the Gross-Pitaevski equation briefly touched 
in a supplement we refer to the review paper [Dalfovo, et. 
a!. (1999)J. 



Guide to the Supplements 

In Supplement 22.7 some details of the analysis of atomic 
systems skipped in the main text are presented. Supple-
ment 22.7.1 contains an exposition of the Thomas-Fermi 
approximation, a semi-classical model for atoms. This 
argument is expanded in numerical problems 15.19 and 
15.20. 

In Subsection 22.7.2 we review some aspects of the 
Hartree approximation, while Subsection 22.7.3 contains 
the main facts about the Slater determinants, in partic-
ular we give the explicit form of one-particle and two-
particle operators. These results are used in Subsection 
22.7.4 to write the effective Hamiltonian for closed shell 
atoms, the results are then generalized to non-complete 
shells. To handle the case of non-complete shells the use-
ful concept of mean energy is introduced in Subsection 
22.7.5. In the rest of the Supplement we write the Hamil-
tonian for the generic atom in the Hartree-Fock approx-
imation. 

Problems 

(15.1) Write the classical equation of motion for a plane 
harmonic oscillator and compute the shift in fre-
quencies due to a magnetic field directed perpen-
dicular to the plane. 

(15.2) Study the effect of a magnetic field on the n = 2 
level of the hydrogen atom. 

(15.3) Consider a fine-structure doublet, S and 
L > O. Study the effect of a magnetic field on 
the system. 

(15.4) Parametrize the effect of spin-spin and spin-orbit 
interactions in the Russell-Saunders coupling ap-
proximation. 

(15.5) Compute the quadrupole moment for 2p states of 
the hydrogen atom and show that Q = 0 for the 
2Plj2 state. 

(15.6) Write the Wigner-Eckart theorem for a vector and 
a symmetric tensor in subspaces with given orbital 
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These results are used to build an elementary theory 
for atomic multiplets (based on the Hartree-Fock equa-
tion for the mean energy) and then to write the explicit 
form of the Hartree-Fock equation for a singk level. Some 
nontrivial aspects of the problem related to Koopman's 
theorem are addressed in Subsection 22.7.1L 

The theory exposed in the Supplement 22.7 forms part 
of the numerical procedures used in the numerical prob-
lems on the Hartree and Hartree-Fock approximations. 

Finally in Subsection 22.9 we a simple application 
of the Hartree-Fock procedure to bosonic systems and de-
rive the Gross-Pitaevski equation, while in Supplement 
22.8 we give an example of variational calculation for the 
simplest molecule, Hi· 

In the problems of this chapter some particular physical 
applications are briefly touched, for instance in Problem 
15.7 the ma.in points of the quantum theory of paramag-
netic and diamagnetic effects for atoms are outlined. 

momentum L or with given 1. Find the relation 
between the two, for a spin-independent operator 
and for an operator depending only on spin. 

(15.7) Sketch the classical theory of magnetism and point 
out its problems. Define the magnetization for a 
macroscopic homogenous medium in terms of the 
microscopic magnetic moment in quantum theory. 
Give an order of magnitude for the different contri-
butions to the magnetic susceptibility. 

(15.8) Compute the magnetic susceptibility for an atom 
with and without fine-structure splitting. Discuss 
both the limits of low and high temperature. 

(15.9) Compute the magnetic susceptibility for an atom 
with S = 0 in the ground state, or in general for a 
single level of fine structure. Neglect diamagnetic 
contributions. 
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Numerical analyses 

(15.1) Study the effect of a magnetic field on an LS mul- (15.11) 
tiplet. Compute the splitting of spectral lines as a 
function of the magnetic field. 

(15.2) Compute the mean energy for an arbitrary elec- (15.12) 
tronic configuration. 

(1.5.3) Compute the possible multiplets for equivalent elec- (15.13) 
trons and study the diagonalization of the Hamil-
tonian. 

(15.4) Compute the possible multiplets for a shell of equiv-
alent electrons and one electron in another shell. 
Study the diagonalization of the Hamiltonian (15.14) 

(15.5) Use Clebsch-Gordan coefficients to directly write 
states with definite angular momentum and spin 
for a system of two electrons. Write the form of 
one- and two-electron operators. In particular con- (15.15) 
sider the electrostatic interaction, LS coupling, and 
the interaction with an external magnetic field. ( ) 

( 's 15.16 15.6) tudy the problem of energy splitting in atoms with 

(15.7) 

(15.8) 

(15.9) 

(15.10) 

a configuration s - p (or s - d). Deduce radial inte-
grals and LS coupling from experimental data and (15.17) 
check the consistency of the procedure. 
Explore in Mathematica the discretization tech-
nique for ordinary differential equations. (15.18) 
Write a Mathematica procedure to compute the 
effective potentials appearing in the Hartree and 
Hartree-Fock equations. (15.19) 

the im?lementation of the Hartree equation (15.20) 
III Mathematlca. ' 
Compute the ground state energy of the carbon in 
the Hartree approximation. Give an estimate of (15.21) 
the energies of the (L, S) terms. 

Compute the Rydberg series for alkali atoms in the 
Hartree approximation. 

Study the implementation of Hartree-Fock equa-
tion in Mathematica. 

Compute the ground state energy of carbon in the 
Hartree-Fock approximation. Give an estimate of 
the energies of the (L, S) terms and compare them 
with the results of the HF approximation for single 
levels. 

Compute the Rydberg series for alkali atoms in the 
Hartree-Fock approximation. Compare the results 
with experimental data. 

Study the variation of ionization potential with 
atomic number Z. 

Study the filling sequence of shells p and d in HF 
approximation. 

Study the HF approximation for He and compare 
the results with the variational approach of Hyller-
aas. 

Study the X rays spectrum in the HF approxima-
tion. 

Solve the Thomas-Fermi equation numerically. 

Use the Thomas-Fermi potential to compute en-
ergy levels of atoms. 

Give a variational computation of potential energy 
for Hi molecule. 


