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Abstract 

The progress of Density Functional (DF) calculations of optical, electrical 
and structural properties of deep defects in semiconductors has been remark- 
able over the past ten years. Time seems ripe for the extension of such a 
theory to finite temperature thermodynamical properties (notably free energies 
of formation and migration). This paper is a step towards that direction. The 
quasi-harmonic theory of Lattice Dynamics is proposed as a good candidate 
for such an extension. One important difficulty is the numerical effort 
required to extract the full dynamical matrix vs. volume from standard DF  
band calculations for large systems (3G100 atoms/cell), which are on the 
other hand needed for a thermodynamically consistent theory. To overcome 
this serious problem we point out some exact relationships existing between 
differential properties of trajectories and force constants, which may be 
used to extract accurate dynamical matrices from low-temperature Mol- 
ecular Dynamics runs. The formalism is presented and successfully tested 
for a 32-atom argon crystal with and without a vacancy, for which exact 
results are available. Such a new formalism is proposed as a powerful tool 
to evaluate dynamical matrices, and thus phonon spectra and thermodyn- 
amical properties, of low-symmetry semiconductor systems like defects and 
amorphous materials, for which a few Carr-Parrinello Molecular Dynamics 
trajectories are much cheaper than the huge number of self-consistent 
calculations traditionally required by frozen-phonon or force-constant 
techniques. 

1. Introduction 

Over the last ten years the theory of lattice defects and 
impurities in semiconductors has evolved from infancy 
(an empirical description, aimed at the interpretation of 
their optical levels in the fundamental gap) to youth (the 
ability of predicting from first principles their equilibrium 
atomic geometry and the structural energies associated to 
selected saddle-point geometries at zero temperature) [l]. Key 
ingredients of such a growth were the Density Functional 
Theory of Hohenberg, Kohn and Sham [2], the simultaneous 
development of new, general band-structure methods [3-51, 
and finally specific computational techniques conceived for 
the deep-center problem [&lo]. 

At this stage one can begin to face the appealing challenge 
of predicting finite-temperature thermodynamical properties 
of semiconducting systems, like bulk thermal expansion, or 
free energies of formation and migration of defects, or 
thermodynamics of amorphous semiconductors. Quasi- 
harmonic Lattice Dynamics is certainly one of the tools 
which deserve to be considered for this purpose: from the 
knowledge of total potential energy, phonon frequencies and 
some of their derivaties with respect to volume - all quantities 
which can be obtained from more or less laborious state-of-art 
Density Functional calculations for perfect and imperfect 
crystals - it is possible to extract the thermodynamical 
quantities of interest [ 1 13. Quasi-harmonic Lattice Dynamics 
(QH-LD), where anharmonicity is partially incorporated 
through the volume dependence of phonon frequencies, is 

expected to work well for semiconductors: even Lennard- 
Jones systems, which exhibit much stronger anharmonicity 
than semiconductors, are described fairly well by such a 
theory [12]. Its application requires the accurate evaluation 
of the determinant of the dynamical matrix as a function 
of the volume, or, if quantum effects are significant (i.e., at 
very low temperatures) the evaluation of individual phonon 
frequencies vs. volume, in the equilibrium atomic configur- 
ation of the system under consideration. When the size of the 
system increases and its symmetry is lowered, the compu- 
tational effort remains reasonable if the total energy is the 
sum of pair potentials, as in the Lennard-Jones case, but 
becomes enormous if total energy and forces are derived from 
standard Density Functional Calculations via frozen-phonon 
or force-constant techniques. This imposes severe limitations 
in practical cases of interest. 

After the advent of the new unified approach of Molecular 
Dynamics and Density Functional Theory [ 131 not only the 
statics, but also the dynamics of semiconductor systems can 
be studied from first principles at the atomic level. This 
suggests that finite-temperature thermodynamical properties 
of perfect and imperfect semiconductors may be attacked 
from a different side, namely, via Molecular Dynamics (MD) 
studies. In this case one would sample configurations and 
evaluate thermal averages related to free energies. Such an 
approach is exact with respect to anharmonic effects, but, as 
far as defects are concerned, its statistical character represents 
a drawback for the evaluation of free energy digerences as, 
e.g., the free energy of formation of a point defect. If Nis  the 
number of atoms in the crystal, point defects contribute only 
terms of order l /N  to the total crystal properties, so that in 
standard MD calculations the sought result is buried in the 
statistical noise [12]. 

Having in mind the goal of thermal properties of deep 
defects in semiconductors, we propose in this paper a totally 
different way of taking advantage of MD trajectories, based 
on two simple ideas: (a) at very low temperature anharmonic 
effects become vanishingly small, and the force-displacement 
relation of a many-body system becomes a linear one, and (b) 
physical trajectories of a many-body system are a good way 
of generating sets of independent displacements and corre- 
sponding forces, from which the dynamical matrix of the 
system is obtained by straightforward matrix inversion. 
We will show that 3N snapshots of the time evolutions 
of an N-body system at low temperature may be enough to 
determine its dynamical matrix. Such an approach, as we will 
see below, has another remarkable feature. In most physical 
theories the existence of symmetry reduces the computational 
effort required for its numerical implementation. The use of 
trajectories, instead, becomes more and more efficient as 
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the symmetry of the system becomes lower and lower. 
Once we have produced in this way dynamical matrices for 
low-symmetry, large size semiconducting systems, we can 
feed them back into QH-L,D theory to get thermodynamical 
quantities of interest. The key reason for this approach to 
become very convenient for semiconducting systems is of 
course the new possibility of generating DF-MD trajectories 
in a rather cheap way [13]. 

The paper is organized as follows: in Section 2 the QH-LD 
formalism is refreshed and recent applications thereof to 
the silicon vacancy are recalled; Section 3 deals with the 
new scheme which relates low-temperature M D  trajectories 
to dynamical matrices; Section 4 contains the successful 
application of such a theory to the calculation of the free 
energy of formation of a vacancy in a 32-atom argon crystal; 
Section 5 is devoted to conclusions and perspectives. 

2. Quasi-harmonic lattice dynamics and the silicon vacancy 
3.1. Quasi-harmonic lattice dynamics: refreshment 
In the harmonic approximation the Helmholtz free energy F 
and the internal energy U of an N-atom system are given by: 

3L-3 

n =  I 

E, is the total potential energy. The normal-mode frequencies 
v, are simply related to the eigenvalues of the dynamical 
matrix. Having periodic boundary conditions in mind (i.e., the 
supercell geometry) one sees that the three translational 
degrees of freedom of the center of mass have been excluded 
from the sums. Other relevant quantities are the entropy 
S = ( U  - F ) / T  and the pressure P = - (dF/-/a V ) T .  If the 
eigenfrequencies \ in  are not allowed to change with volume, 
then the purely harmonic description is recovered: pressure 
does not depend on temperature and important effects like 
the thermal expansion, entirely due to anharmonic effects, 
disappear. Including the volume dependence of normal-mode 
frequencies amounts to the quasi-harmonic theory adopted 
here. It preserves many important physical consequences of 
anharmonicity like, e.g., thermal expansion and temperature- 
dependent elastic constants. Its use in the study of thermo- 
dynamical properties of defects as well as its limitations have 
been widely discussed in the literature [l l] .  

One way of implementing the above formulas to describe 
the thermodynamical properties of a physical system with a 
given interaction potential law is to determine E, and 11, for 
a discrete set of values of the crystal volume V ,  and then work 
with sensible interpolation schemes to evaluate F, U and their 
derivatives at any volume of interest. If we now specialize to 
the problem of defects and choose from now on the example 
of the single vacancy, then we have to think about two sets of 
such calculations, one for the perfect crystal (supercell with 
N atoms) and one for the crystal with a vacancy (supercell 
with N - 1 atoms). In the latter case we have to perform a 
new minimization of the potential energy E, with respect to 
the ionic coordinates for each different volume. With the 
results obtained for a reasonable set of volumes chosen 

between the experimental volume at absolute zero and some- 
where below the melting point of the perfect crystal we may 
construct physically sensible fits Eo( V ) ,  v , ~ (  V )  from which an 
analytical equation of state is obtained for the perfect crystal 
and, separately, for the crystal with a vacancy. Then we have 
all that is needed to evaluate, for example, the free energy of 
formation or the volume of formation of a lattice vacancy as 
a function of temperature and external pressure. It is useful 
to recall that definitions of the former quantity under different 
thermodynamic conditions (constant pressure, constant 
lattice parameter and constant atomic volume) are connected 
to each other by exact thermodynamic relations only in the 
thermodynamic limit (when the number of atoms in the 
crystal, N ,  tends to infinity). Thermodynamic consistency 
among the different definitions below is a useful internal test, 
which tells whether or not the number of atoms in the crystal 
(i.e., the supercell size) is large enough from a thermodynamic 
point of view [12]. Note that the supercell size for which 
unwanted electronic defect-defect interactions disappear is a 
different number, which is usually smaller than the one just 
mentioned. For this reason the calculation of thermodynamic 
properties generally requires larger supercells than simple 
structural energy calculations at T = 0. 

The equilibrium volumes of the bulk crystal and of the crystal 
with a vacancy are given, as a function of external pressure 
P,,, and temperature T,  by those volumes Vbu,k.\ac(Pest, T )  for 
which the internal, temperature-dependent pressure of either 
system equals the external pressure Pes,: 

Pbulk(V, T ,  = - (2Fbulk = Pest; 

K,,(P,,,> T )  = K 
P,ac(V,T) = -(2F,ac,av), = Pat. 

With these definitions the free energy of formation of a lattice 
vacancy at a given external pressure and temperature is, at 
constant lattice parameter, 

f C L  = F w [ I / b u l k ( P e x t ,  T>> TI 

at constant atomic volume the free energy of formation is 
instead 

and the Gibbs free energy of formation (constant pressure) is 
finally: 

In the right-hand side of the last equation the second member 
can also be written 

Pext~F(Pex19 T)QbUk(P,Xt> TI .  
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Here Qbulk is the bulk atomic volume F&,k/N and 

is the volume of formation of the vacancy measured in units 
of the bulk atomic volume. 

2.2.  Bulk silicon and silicon vacancy 
Recently there has been an attempt to use the above formulas 
in connection with Density Functional force and total energy 
calculations [ 141. Dynamical matrices were extracted and 
QH-LD was employed for two purposes: the calculation of the 
lattice thermal expansion of bulk silicon and the calculation 
of the free energy of formation at  constant lattice parameter 
of the silicon vacancy in the doubly positive charged state. A 
very small unit cell ( N  = 8 atoms) with periodic boundary 
conditions was employed. The main results were: 

(1) the bulk 8-atom supercell, after constructing from a 
large number of D F  calculations its dynamical matrix vs. 
volume as required by the previous formulae, was already 
able, within QH-LD, to give meaningful results in good 
qualitative agreement with the experimental thermal expansion 
of silicon; in particular to reproduce the peculiar feature of 
low-temperature negative thermal expansion coefficient of 
this material. In Table I we recall these results. In its first 
column the temperature in kelvin degrees is given; column 
two shows the linear thermal expansion coefficient obtained 
from experiment [15]; in the second and third column the 
QH-LD theory is employed to compute the same quantity, 
once (column three) using experimental phonon data, and 
once (column four) using calculated phonons from DF calcu- 
lations. The computation of results in column three is possible 
because the 8-atom supercell allows only bulk phonons at  r 
and X ,  for which experimental phonon frequencies and 
Gruneisen parameters are available. Differences between 
column 3 and 4 are small, and due to small inaccuracies in the 
theoretical phonon frequencies and Gruneisen parameters 
with respect to experiment. It clearly appears that the largest 
error, which shows up in the differences between column 2 
and columns 3 or 4, is due to the small cell size. Namely, the 
phonon spectrum of an 8-atom supercell is still rather different 
from the phonon density of states of the infinite crystal. 
However it is also apparent from Table I that, in spite of this 

Table I. Linear thermal expansion coefficient of silicon vs. 
temperature ( f r s t  column, kelvin degrees). The second column 
represents the experimental value (Rex  [15 ] ) .  The third is 
obtained using experimental phonon frequencies and Griineisen 
parameters at r and X .  The fourth is based on theoretical 
phonons from Density Functional calculations (see text) 

T l/L(dL/dT) = lo’ 

0.01 0.0 0.0 0.0 
50.00 - 2.8 - 6.2 5.4 

100.00 - 3.4 - 13.2 - 13.0 
150.00 + 5.3 - 7.6 - 6.7 
300.00 25.6 11.4 15.3 
400.00 32.0 17.2 22.1 
500.00 35.9 20.3 25.8 
600.00 38.6 22.3 28.1 
700.00 39.8 23.5 29.6 

known limitation, an 8-atom supercell already gives results in 
semiquantitative agreement with experiment. 

(2) the calculated free energy of formation as well as the 
entropy of formation at constant lattice parameter of the 
double-plus vacancy, whose calculation from first principles 
had never been attempted before, turned out to be also reason- 
able, compared to available experimental and theoretical 
estimates. This calculation implied a considerable additional 
effort: for 5-10 different lattice constants around the experi- 
mental silicon value it was necessary first to find the relaxed 
equilibrium configuration of the double plus vacancy; then to 
perform a number of self-consistent D F  calculations for the 
ionic configurations slightly displaced from this minimum 
to get the dynamical matrix for that volume, as already 
done for the bulk. Unfortunately the thermodynamic con- 
sistency checks among the various thermodynamic definitions, 
mentioned in the previous paragraph, were not meaningful 
with such a small unit cell, because they involve relative 
volume changes of order ( N  - l)/N, which are unrealistically 
large for N = 8. Yet the numbers obtained - an entropy of 
formation around 3kB and a rather weak dependence on 
temperature of the free energy of formation at constant 
lattice parameter - were in good agreement with the valence 
force model of Lannoo and Allan [16] and compatible with 
the experimental estimate of Dannefaer [17] for the neutral 
vacancy, for which a larger entropy is expected because of the 
Jahn-Teller relaxation. 

Being the first attempt in this direction, such an outcome 
was rather encouraging, and clearly suggested that it was 
worth trying to apply this method to a more complete 
investigation based on larger unit cells and aimed at the study 
of the formation and migration free energies of the vacancy 
in its different charge states. But at  the same time experience 
on the small supercell taught that such a task would have 
been, for medium-large supercells (30-100 atoms), rather 
exhausting, since it would imply, for each of the 5-10 volumes 
considered, a tremendous amount of both human and 
computer time in working out a very high number of con- 
figurations slightly displaced from equilibrium (both for the 
bulk and for the various charge states of the vacancy), 
each of which needed an independent, self-consistent D F  
calculation. So before starting such an enteprise, it seemed 
important to find out whether shortcuts could be found 
to make the determination of dynamical matrices for large 
and/or low-symmetry systems from D F  total energies and 
forces both cheaper and less cumbersome. This was the 
motivation for the formal developments of the following 
section. 

3. Dynamical matrices from low-temperature trajectories 
3.1. Trajectory matrix and Wronskian determinant 
Let us consider a rather general classical many-body system 
with N particles and thus 3N spatial coordinates labeled 
R, . . . R3,,, , The reader will forgive us if in this section we use 
N instead of N - 1 and skip trivial considerations about the 
center of mass to simplify our notation. We further suppose 
that this system has a stable equilibrium configuration and 
put the origin of spatial coordinates there. Let R, ( t )  . . . R3N( t )  
represent its time evolution, starting from some initial 
conditions at  t = to.  We will suppose that such a trajectory 
can be differentiated at  least 3N times with respect to time. 
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Then we can define at  a given time to its Wronskian deter- 
minant w(tO)  = det W(t,), where the Wmatrix is 

& ( t o )  ' . ' 

. . .  . . .  . . .  . . .  Y t O )  = 

. . .  . . .  . . .  . . .  

In the case of a single particle (N = 1) the Wronskian 
determinant w(to)  is nothing but Y x v - a where I', v and a 
are the position, velocity and acceleration vectors respectively. 
Now consider a small time step At  and construct another 
matrix whose rows are the positions of the system at times t o ,  
to + At, to + 2A2, . . . .  to + (3N - I)At.  The 3N rows of 
this matrix correspond thus to 3N steps of the time evolution 
of the system, starting at to and separated by a time interval 
of At  from each other. We call such a matrix T, the trajectory 
matrix: 

[ &(to )  &(to) 

harmonic oscillator, for which forces are linear combinations 
of displacements from equilibrium, 

and Eo is the total potential energy; using matrix and vector 
symbols, 

- F = - K &  

where K is the dynamical matrix. We will discuss in the 
following some remarkable properties of trajectories for 
harmonic systems, with the final goal of using this information 
to give a new prescription for the evaluation of dynamical 
matrices from low-temperature trajectories of a real physical 
system close to a stable equilibrium point. 

If at equilibrium the physical system we are dealing 
with has some symmetry properties, they will translate into 
symmetry properties of the matrix K.  Knowing about the 
symmetry of K ,  we can tell the number J of independent 

symmetry of eigenvectors. Eigenvectors belonging to the same 
eigenvalue define an invariant subspace and we can work 

eigenfrequencies Q,, their degeneracies d, ,  j = 1 . . .  J and the 

1 R3N (to 1 

LR1[tO + (3N - l)Ar] R2[to + (3N - l)At] . . 
Disregarding terms of higher order in At, the following relation 
holds between the determinants of T and W: 

det T(to) = A z ~ " ( ' " - ~ ) ' ~  det W(t 0 .  ) 

This is easily demonstrated by expanding the position vectors 
at times later than to (rows 2, 3 . . .  3N of T )  in powers of the 
time difference with respect to t o .  In the same way it can be 
shown that, more generally, the rank of the matrices T and W 
is the same. Since the rank of T equals the number of linearly 
independent vectors which can be found among the 3N 
position vectors generated at the first 3N steps of the time 
evolution of the system starting at to with time step At ,  the 
trajectory of the system between I, and t o  + (3N - 1)At lies 
in a subspace of dimension P < 3N if P is the rank of either 
Tor W .  An easy 3D example (N = l) ,  which is useful to follow 
later developments, is a single particle subject to a central, 
isotropic restoring force. If we start its motion by just displac- 
ing it from the origin (zero initial velocity), then the rank of 
T and W is P = 1 because the restoring force is parallel to the 
displacement, and the motion is one-dimensional; if we give 
it a nonzero initial velocity not parallel to the initial displace- 
ment, then the rank of T and W is P = 2 ,  and the motion is 
two-dimensional (elliptical trajectory). We observe that there 
will be no way, in this example, to have a three-dimensional 
motion: because angular momentum is conserved due to the 
central symmetry of the problem, the trajectory is always a 
planar one and T and W are at most of rank two. 

3.2. Rank of' the trajectory matrix for harmonic systems 
An N-body system close to a stable equilibrium configuration 
behaves, for sufficiently small displacements from equilibrium 
(i.e., at sufficiently low temperature) as a 3N-dimensional 

fhy.sicu Sciipra TIY 

with only J displacements each of which is picked out of the 
invariant subspace associated to a certain eigenvalue 0,; the 
forces associated to such displacements are (by definition 
of eigenvector) parallel to them; one then obtains the J 
independent eigenvalues, and from them and their degeneracy 
the spectrum of K is reconstructed. This is for example the 
philosophy behind the frozen-phonon approach [ 181. We 
won't follow such a philosophy because we aim at a general 
and "automatic" prescription to treat systems of large size 
and low symmetry, whose group theory is at the same time 
tedious to derive and of little computational help. We will see 
later that our new approach is in fact mostly efficient just for 
this type of systems, namely crystals with large unit cells 
and/or very low symmetry. If we do not take advantage 
of symmetry it generally takes 3N linearly independent 
displacement vectors &("'), in = 1 . . .  3N, to fully determine 
K .  Having 3N independent displacement vectors and the 

construct two matrices R and F whose columns are the 334 
displacement and force vectors respectively, so that the 
matrix equation 

corresponding 3N force vectors f'@", m = 1 . . .  3N, we can 

F = - K R  

summarizes the 3N force-displacement relations. Since the 
3N displacements (column of R )  are linearly independent, the 
above matrix equation can be inverted to obtain 

K = - F R - ' .  

Now, in connection with the previous paragraph, we ask our- 
selves whether the first 3N positions (and corresponding forces) 
generated by a physical trajectory of a 3N-dimensional 
harmonic oscillator can be used to build up in one shot a 
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nonsingular R matrix. We are more generally interested in the 
rank of R (such an R matrix is evidently the transpose of the 
Tmatrix defined in the previous paragraph), because it equals 
the dimension P of the subspace where the trajectory lies. The 
rank of T, as shown, is in turn equal to the rank of W, and 
invariant under orthogonal transformations; we can therefore 
address the question of the rank using normal coordinates 
xl . . . x3*,; here, if w1 . . . i.21~~ > 0 are the 3N normal mode 
frequencies and v stands for velocity, W looks as follows: 

I . . .  . . .  . . .  . . .  I A L . . .  . . .  . . .  . . .  

From this representation we immediately see how initial 
conditions and symmetry properties of the system affect the 
rank of W, and thus the rank of T and R .  

3.3. Initial conditions and symmetry properties 
First we notice that particular sets of initial conditions are able 
to lower the rank of Wand thus render the T and R matrices 
singular, making it impossible to use a single trajectory to 
construct in one shot the dynamical matrix. For example, if 
the initial positions are all zero the matrix becomes singular 
and its rank is essentially halved, because all odd rows are zero. 
The same happens if all the initial velocities are zero. Another 
set of initial conditions which would not only make the 
matrix singular, but make its rank as low as 1, would be an 
initial configuration where only one normal mode is excited, 
because, in this case, only one column is nonzero. A necessary 
condition to obtain a nonsingular trajectory matrix Tis then 
to choose initial conditions in a way that all normal modes 
are excited and that initial positions and velocities are linearly 
independent. Such a condition is not difficult to fulfill; in 
particular the choice of random initial displacements and 
velocities subject to the condition of linear independence is a 
good way of implementing it in the lack of any a priori 
knowledge about normal modes. But second, we see another 
reason for W to become singular, and this has to do with the 
symmetries of the system. Symmetries are responsible for 
degeneracies in the eigenvalue spectrum of K .  As long as 
initial conditions are chosen as just stated and eigenfrequencies 
are singly degenerate, nothing new happens. If a doubly 
degeneracy occurs, for example w j  = w,, then from the form 
of Win normal coordinates we see that it remains nonsingular 
only if xj(to)v,(to) - xj(to)v,(to) # 0. However, such a require- 
ment still concerns initial conditions; in practice it is not a 
serious obstacle, because it usually turns out to be automati- 
cally satisfied by random initial conditions. But as soon as 
one of the eigenfrequencies is triply or more degenerate some- 
thing qualitatively new happens, which cannot be healed by 
any choice of initial conditions. Suppose for example that 
w1 = w2 = w3 = w.  Then, if we multiply the first column by 

the second column by 

and add them up, we get the third column. In other words, if 
the first three frequencies are degenerate, then only two out 
of the first three columns of Ware linearly independent, and 
the rank of the matrix is lowered by one no matter how we 
choose initial conditions. The case of a degeneracy higher 
then three is readily reduced to the previous one by noting 
that if, for example, o4 also equals CO, the above argument can 
be repeated, so that in the end one finds out that, if four 
frequencies are degenerate, only two out of the corresponding 
four columns of W are linearly independent. And so on. 
In conclusion, each invariant subspace associated to an 
eigenvalue with degeneracy three or more than three con- 
tributes only two independent columns to our matrix. So 
(provided that initial conditions are chosen in the right way) 
the rule of thumb to compute the rank of W is the following: 
take a one for each singly degenerate eigenvalue and a two for 
each eigenvalue whose degeneracy is two or more than two; 
the sum of these numbers is the rank of W. The reader has 
certainly noted that this is nothing but the 3N-dimensional 
generalization of the well known 3D case discussed above, 
where angular-momentum conservation due to central 
symmetry implies that the trajectory lies on a plane; it tells us 
that, as soon as one of the normal-mode frequencies is more 
than twice degenerate, any individual physical trajectory of 
the system lies in a subspace of dimension P < 3N and equal 
to the rank of W; so even the presence of just one triply 
degenerate frequency is enough to prevent the matrix R, if 
constructed from a single trajectory, from being inverted to 
give the full dynamical matrix. 

The thumb rule to compute the rank of W, introduced 
above, can be more tediously derived from the explicit, 
general form of det W in terms of initial conditions and 
normal-mode frequencies; for our purposes the properties 
just examined are extremely relevant because they immediately 
tell us not only which physical systems are such that a single 
physical trajectory of 3N steps is sufficient to fully determine 
their dynamical matrix, but also how many trajectories will 
be required for those physical systems for which one is not 
enough. 

3.4. Low symmetry is an advantage 
As promised in the introduction, we see that the complete 
absence of symmetry turns out, in our approach, to be 
an advantage: if the system is of very low symmetry (only 
single and double degeneracies) then a single trajectory 
with appropriate initial conditions (as discussed above) is 
guaranteed to yield nonsingular W ,  T and R matrices; 
and this, together wih the corresponding force matrix, is 
sufficient to fully determine the dynamical matrix of the 
system through K = FR-' .  A very interesting example of 
such a situation could be an amorphous system. 

The presence of more-than-doubly degenerate eigenfre- 
quencies intrinsically lowers the rank of T, but, if one insists 
in using trajectories, a way to build up a nonsingular R matrix 
is simply to pick displacement vectors out of more than one 
trajectory. For example one may consider two different 
trajectories corresponding to two different sets of initial 
displacements and velocities; then, with the help of standard 
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tools of linear algebra, one checks whether 3N independent 
displacement vectors exist within the 6N x 3N rectangular 
matrix obtained as the union of the two trajectory matrices 
T,  , T,.  If this is not the case, one may then consider a third 
trajectory, and so on. As soon as one finds 3N independent 
displacement vectors one stores them and the corresponding 
force vectors, and obtains the dynamical matrix as discussed. 
It is qualitatively clear that, the more the system is degene- 
rate, the more independent trajectories will be needed to 
construct a set of 3N independent displacements. But which 
is the minimum number of trajectories needed for this job? To 
determine this number it is sufficient to know the highest 
degeneracy of the system. If the most degenerate frequency is 
w, and its degeneracy is 4, then the minimum number of 
trajectories required to build up a nonsingular R matrix is 
M = 412 if d, is even and M = 412 + 1 if 4 is odd. Of 
course, if care is not taken to ensure that each new trajectory 
lies in a subspace orthogonal to all the previous ones, more 
than M trajectories may be necessary to find 3N independent 
& vectors; but no less than M trajectories will be required, 
because, as we have seen, from the invariant 4-dimensional 
subspace corresponding to the most degenerate eigenvalue 
only two independent displacement vectors will be contri- 
buted by each trajectory. For analogous reasons, if wisely 
chosen, the same M trajectories can also simultaneously span 
all the other invariant subspaces of lower dimensionality 
associated to less degenerate eigenvalues. 

3.5. Real systems and anttarntonic e fec ts  
We want to use all the concepts developed above to give a 
practical prescription to evaluate dynamical matrices for real 
systems, where anharmonic effects are in fact present. We 
have already mentioned that to eliminate them it should be 
sufficient to deal with very low temperatures. This is because 
low temperature implies small displacements, so that our 
trajectories become nothing more than a convenient way to 
generate independent small displacements and corresponding 
forces. By the way, the choice of small displacements is the 
standard way to investigate the harmonic region whenever 
the potential energy is not available in analytical form: for 
example the same is usually done to extract force constants 
and phonon frequencies from standard Density Functional 
calculations of total energies and/or forces in semiconductors 
[18]. The only difference is that here, instead of giving small 
displacements by hand, we let a low-temperature trajectory 
do the job for us. This becomes a key advantage for semicon- 
ductors in connection with the new unified approach to Den- 
sity Functional and Molecular Dynamics [ 131, because DF- 
M D  trajectories smoothly follow the Born-Oppenheimer 
surface whereas many (3N in the complete absence of sym- 
metry) independent self-consistent D F  calculations are 
required if one gives 3N different displacements by hand. 
Another effect of anharmonic terms which could concern us 
is the finite phonon lifetime. Anahrmonicity mixes normal 
modes, so that, for sufficiently long times, the trajectory goes 
through all 3N dimensions, rather than remaining “confined” 
in a P-dimensional subspace. One could think that this 
property of real systems represents an advantage over strictly 
harmonic systems, because it  allows in principle to use a 
single trajectory even in highly degenerate cases. In reality, at 
temperatures for which anharmonic terms become negligible, 
which we need to maintain a linear force-displacement 
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relation, it obviously takes an extremely long time before the 
motion becomes really 3N-dimensional, because the phonon 
lifetime exponentially increases as the temperature is decreased. 
So in conclusion, provided that the temperature is low 
enough, the method discussed for harmonic systems applies 
without changes to real systems. The only difference will be 
that while for rigorously harmonic systems the method, with 
an appropriate choice of At ,  gives essentially exact dynamical 
matrices (as can be easily tested with model calculations) at 
any temperature, for real systems we expect, because of 
anharmonic effects, a temperature-dependent error which 
can be decreased to negligible values only at very low 
temperatures. 

4. Application to the vacancy in crystalline argon 

The method proposed in the previous section has been tested 
for the evaluation of dynamical matrices of perfect crystalline 
argon and argon with a relaxed single vacancy with a 
32(31)-atom unit cell and various lattice parameters. To see 
how the new method affects the quantities of interest, we have 
furthermore decided to test these dynamical matrices using a 
rather demanding probe: the free energy and volume of 
formation of the argon vacancy under different thermo- 
dynamic conditions. Comparison with exact results, relatively 
easy to produce in the argon case because of the analytic form 
of the model (Lennard-Jones) potential employed, is excellent 
in any respect. Before presenting numerical results we 
emphasize that the case of argon was chosen as a first test 
because of the availability of exact results [19], and also 
because Lennard-Jones solids represent a rather stringent 
test, being much more anharmonic than typical semiconduc- 
tors. The method based on M D  trajectories becomes really 
convenient for those cases, like semiconductors, where the 
potential energy is not available in analytic form, and a few 
Molecular Dynamics trajectories performed using the Car- 
Parrinello scheme [ 131 turn out to be much cheaper than the 
huge number of independent self-consistent calculations 
traditionally required for the construction of the full dynami- 
cal matrix. Application of the trajectory approach to these 
systems is currently underway. 

In Fig. 1 we show the determinant of the dynamical matrix 
calculated from M D  trajectories, divided by the corresponding 
exact value, for bulk argon and argon with a relaxed vacancy, 
plotted versus the temperature. This “temperature”, charac- 
terizing the M D  trajectories, will be defined below. We 
use reduced Lennard-Jones units for argon, namely G = 
6.436673 a.u. (length), E = 3.7941 10 x I O p 4  a.u. (energy), 
T = 119.8 K (temperature). In these units Planck’s constant 
is k = 0.185046 0 (me)’ 2 ,  which equals, as it should, 271 if we 
substitute G, E and the atomic mass of the argon atoms with 
their values expressed in atomic units (for the atomic mass of 
argon we used the value m = 39.948 x 1836 a.u.). In Fig. 1 
we are considering a lattice parameter of 1 . 5 6 2 ~ ,  corre- 
sponding to the experimental lattice constant at OK. The 
minimum number of independent MD trajectories, in view of 
the rule given at  the end of Section 3 and the fact that the 
highest degeneracy is in this case 12, is M = 6; however we 
do not take any special care to make sure that every new 
trajectory lies in a subspace orthogonal to the previous ones 
and prefer to use a few more trajectories instead. Each 
dynamical matrix is obtained in particular using 10MD 
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Fig. I .  Determinant o f  the dynamical matrix obtained from I O  Molecular 
Dynamics trajectories (in units of the exact value) plotted against the square 
root of the “temperature” T (defined in the text and normalized to 
To = Elkg) .  Two different sets of calculations for both the vacancy and 
the bulk are shown, corresponding to different random choices of initial 
conditions (see text). The inset amplifies the low-temperature region. Note 
that at sufficiently low T all the curves approach linearly the exact value. 

trajectories with random initial displacements and velocities, 
chosen in a way that the initial average kinetic energy 
approximately equals the average potential energy, and the 
total energy is the same for all the 10 trajectories. In fact, our 
definition of the “temperature” T, whose square root appears 
in the abscissa of Fig. 1, is half of the total energy per degree 
of freedom, a quantity conserved throughout the 10 runs. We 
took the At  appearing in the definition of the R matrix equal 
to 0.1 reduced units, which is ten times the step 6t used for the 
integration of Newton’s equations of motion in the MD runs. 
Of course the cheapest choice would be At  = 6t ,  but we also 
had to make sure that At be large enough that sets of indepen- 
dent displacement vectors derived from the same trajectory 
be recognized as linearly independent within the numerical 
accuracy of the computer. Two sets of calculations for both 
the vacancy and the bulk are represented in Fig. 1. They 
correspond to two different random choices of the initial 
conditions. For each curve identical random initial positions 
and velocities were generated, and then scaled according to 
the desired “temperature”. We observe that at low tem- 
perature all the curves, which represent the determinant of 
the dynamical matrix calculated from MD trajectories, 
approach linearly the exact value. Such a behavior reflects the 
fact that errors in the dynamical matrix (when defined as 
K = FR-’ )  are, to lowest order, linear in the displacements, 
while the total energy (proportional to our “temperature” as 

discussed above) is to lowest order quadratic in the displace- 
ments. It also provides a very desirable prescription to study 
the convergence of results with respect to the initial con- 
ditions (and to choose the “temperature” corresponding to 
the desired accuracy) for the general case, in which one does 
not know the exact result in advance. 

From the results of Fig. 1 we decided to use in what follows 
T = reduced units and sets of initial conditions corre- 
sponding to the curves labeled 1. Notice that in our calcula- 
tions we obtain the full dynamical matrix and not only its 
determinant; here we show the determinant alone because the 
eigenvalues are too many to display (3N is 96 for the bulk and 
93 for the vacancy). However it should be kept in mind that 
the determinant is the product of about 100 eigenvalues; the 
relative error found on individual frequencies was smaller or 
at most equal to the relative error on the determinant. 

Now we proceed to compute the dynamical matrix of bulk 
and vacancy crystals (32 and 3 1 atoms/cell respectively) at ten 
different lattice parameters equally spaced between the experi- 
mental values at T = 0 and T = 80K. We show these 
results in Fig. 1. The abscissa Aa is the lattice constant 
measured from the experimental value at 0 K (which equals 
1.5620). On the y axis we show the determinant of the 
dynamical matrix for the bulk (solid line) and the relaxed 
argon vacancy (dashed). All determinants are divided by the 
exact bulk value at Aa = 0, and their decimal logarithm is 
taken to permit a reasonable plot: the determinant of the 
dynamical matrix varies, for either system, by about 20 
orders of magnitude in this range of lattice constants. Such a 
gigantic change is a relative one and thus independent of the 
choice of units. The lines are drawn to help the eye and the 
dots represent the calculated points. I t  is important to point 
out that in Fig. 2 both exact results and results from MD 
trajectories are plotted for all the lattice constants considered, 
but on the scale of this figure their difference can’t be seen, 
being smaller than the size of dots. This information could 
already convince the reader that the accuracy attained by the 
new method is really excellent for any purposes, and in 

Aa (a,  reduced units ) 

Fig. 2 .  Determinant of the dynamical matrix vs. lattice parameter. Solid: 
bulk. Dashed: vacancy. The lattice parameter, in abscissa, is measured from 
a,, the equilibrium lattice parameter at OK. All determinants are in units of 
the exact bulk value at a = a,. Note the logarithmic scale. Dots correspond 
to calculated points. Lines are drawn only to help the eye. Both exact values 
and values obtained from MD trajectories are plotted, but differences are 
smaller than the dot size (see text). 

Physica Scripta TI9 



318 Giovanni B. Bachelet and Giuliu De Lorenzi 

Table 11. Cornpurison ojvarious therrnodynainic properties of 
the vacancy in argon calculated according to quasi-harmonic 
Lattice Dynamics. T is in kelvin degrees, L represents the 
equilibrium lattice constant at a given temperature in reduced 
units of CT, scL and scp are the entropies of forniation in units of 
k ,  at constant lattice parameter and constant (zero) pressure, 
f cL  and g,, are the free energy of formation at constant lattice 
parameter and the Gibbs free energy at constarit (zero) pressure 
respectively, in reduced units of E ,  and,finally vF is the volume 
qf- formation of the vacancy measured in units of bulk atomic 
volunies. The upper portion of the table refers to results 
obtained f rom exact dynamical matrices; the lower portion to 
results obtained ,front dynamical matrices derived fronz M D  
trajectories. The comparison is excellent. 

0.01 1.5643 1.5638 0.00 0.00 7.76 7.76 0.97 
20.00 1.5677 1.5673 1.35 1.26 7.67 7.67 0.98 
40.00 1.5817 1.5818 1.74 1.78 7.41 7.41 1.00 
60.00 1.5992 1.5994 1.59 1.69 7.11 7.11 1.01 
80.00 1.6164 1.6164 1.27 1.28 6.86 6.86 1.00 

0.01 1.5643 1.5638 0.00 0.00 7.76 7.76 0.96 
20.00 1.5677 1.5673 1.35 1.25 7.67 7.67 0.98 
40.00 1.5817 1.5818 1.74 1.77 7.41 7.41 1.00 

80.00 1.6164 1.6164 1.27 1.30 6.86 6.86 1.00 
60.00 1.5992 1.5994 1.58 1.69 7.12 7.12 1.01 

particular for the free energies of formation of the vacancy. 
But since not only eigenfrequencies, but also their first and 
second volume derivaties with respect to volume influence 
these rather delicate thermodynamical properties, we want, 
for the sake of completeness, to make an explicit test and, 
applying the QH-LD formulas recalled in Section 3, compare 
the thermodynamic properties of the argon vacancy using 
once the exact dynamical matrices and once those obtained 
from our MD trajectories. To apply QH-LD formulas, as 
explained in Section 3, it is convenient to deal with analytic 
expressions of E,(V)  and v , (V) .  We have used a simple 
least-square parabolic fit both for E, and for the normal- 
mode frequencies vs. volume, which is sufficient for our 
present purpose. The upper portion of Table I1 shows a 
number of thermodynamical properties of the argon vacancy 
obtained from exact dynamical matrices; in the lower portion 
the corresponding results from trajectory-derived dynamical 
matrices appear. In the first column we have the temperature 
in kelvin degrees; the second and the third columns display 
the equilibrium lattice parameter in units of o; the fourth and 
the fifth the entropy of formation at constant lattice par- 
ameter and constant pressure in units of k,; the sixth and the 
seventh, respectively, the free energy of formation at constant 
lattice parameter and the Gibbs free energy of formation at 
constant pressure, in units of E .  The last column finally shows 
the volume of formation in units of the bulk atomic volume. 
Looking at the last three columns we observe in passing that 
the fact that the free energy of formation at constant lattice 
parameter and the Gibbs free energy of formation at constant 
pressure are so close to each other is a direct consequence of 
the fact that the volume of formation is very close to 1. All 
the results refer to zero external pressure. The message of 
Fig. 2 is that the comparison is excellent, no matter which 
particular quantity we are looking at. 
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5. Conclusions 

After ten years of progress on structural properties at  zero 
temperature, time is ripe for Density Functional calculations 
to attack finite-temperature properties of semiconducting 
systems. 

The application of quasi-harmonic Lattice Dynamics in 
connection with Density Functional force calculations to deal 
with thermodynamical properties of bulk crystals and deep 
defects in semiconductors looks promising [14]. A serious 
obstacle for its implementation is the number of independent 
self-consisten D F  calculations normally required for the full 
determination of dynamical matrices versus volume for 
crystals with a large unit cell. We propose a method to extract 
dynamical matrices from Molecular Dynamics trajectories 
and successfully test it for the case of solid argon with and 
without a vacancy, for which exact results are available. The 
method, in connection with the Car-Parrinello scheme [13], 
should open a very convenient way to obtain dynamical 
matrices for semiconductor systems of large size and low 
symmetry, and thus offers a very promising tool for the study 
of thermodynamic properties of amorphous semiconductors 
and defect systems. In order to fully establish such an 
approach the next step will be its actual application to 
semiconductor systems of large size; another step needed 
towards a complete thermodynamic theory of defects in semi- 
conductors will be, from another point of view, the consistent 
incorporation of electron-hole excitations and multiple 
charge states whenever they are expected to play a major role 
in the free energy of the defect system [20]. 
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